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Abstract—The authors recently introduced a framework, named Network Component Analysis (NCA), for the reconstruction of the

dynamics of transcriptional regulators’ activities from gene expression assays. The original formulation had certain shortcomings that

limited NCA’s application to a wide class of network dynamics reconstruction problems, either because of limitations in the sample size

or because of the stringent requirements imposed by the set of identifiability conditions. In addition, the performance characteristics of

the method for various levels of data noise or in the presence of model inaccuracies were never investigated. In this article, the

following aspects of NCA have been addressed, resulting in a set of extensions to the original framework: 1) The sufficient conditions

on the a priori connectivity information (required for successful reconstructions via NCA) are made less stringent, allowing easier

verification of whether a network topology is identifiable, as well as extending the class of identifiable systems. Such a result is

accomplished by introducing a set of identifiability requirements that can be directly tested on the regulatory architecture, rather than

on specific instances of the system matrix. 2) The two-stage least square iterative procedure used in NCA is proven to identify

stationary points of the likelihood function, under Gaussian noise assumption, thus reinforcing the statistical foundations of the method.

3) A framework for the simultaneous reconstruction of multiple regulatory subnetworks is introduced, thus overcoming one of the

critical limitations of the original formulation of the decomposition, for example, occurring for poorly sampled data (typical of microarray

experiments). A set of monte carlo simulations we conducted with synthetic data suggests that the approach is indeed capable of

accurately reconstructing regulatory signals when these are the input of large-scale networks that satisfy the suggested identifiability

criteria, even under fairly noisy conditions. The sensitivity of the reconstructed signals to inaccuracies in the hypothesized network

topology is also investigated. We demonstrate the feasibility of our approach for the simultaneous reconstruction of multiple regulatory

subnetworks from the same data set with a successful application of the technique to gene expression measurements of the bacterium

Escherichia coli.

Index Terms—System identification, biology and genetics, network models, data analysis.

�

1 INTRODUCTION

1.1 Motivation and Previous Work

RECENT advances in biotechnology have resulted in the
introduction of high-throughput techniques for the

measurement of biological signals. An example of such
technologies is DNA microarray assays [1], which allow
simultaneous monitoring of the expression levels of several
thousand genes in an organism. Such increase in the
amount of data made available to biologists has driven a
parallel effort aimed at developing information processing
tools required to analyze the underlying data sets. Accord-
ingly, the last few years have witnessed a rapid increase in
the introduction of new statistical tools and associated
computational methodologies for the analysis as well as
modeling of biological systems [2], [3], [4].

The task of extracting information about the structure

and dynamics of intra and intercellular processes from

these large-scale data sets has, however, proven to be
difficult, and the reasons are quite apparent: The observed
signals are the outputs of a complex stochastic dynamical
system involving a considerable number of hidden factors.
The approaches that have been adopted so far can be
broadly classified into two categories, namely, nonpara-
metric and parametric. In the nonparametric case, no
generative model for the signals is assumed and inferences
about intracellular mechanisms are based on different
measures of dependencies (or lack thereof) among the
signals themselves. For example, works based on clustering
of genes using their expression profiles [5] and on
extracting regulatory information using Bayesian statistics
[6] fall under this category. While these methods have been
applied successfully to the problem of finding patterns of
coexpression between genes, it is well known that such
methods are limited in the fact that they do not provide
simple means for including specific biological modeling
assumptions that could be derived from available a priori
knowledge on the system under study.

In a parametric approach, on the other hand, an a priori
set of generative models is assumed and the parameters of
these models are estimated from the data set. One such
example is provided in [7], where the experiment design
involves measurements of the outputs of a targeted pathway
in response to perturbations in the inputs and the objective
concerns the determination of causative links among the
input and output signals. A linearized state-space model for

IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS, VOL. 2, NO. 4, OCTOBER-DECEMBER 2005 289

. R. Boscolo and V.P. Roychowdhury are with the Electrical Engineering
Department, University of California, Los Angeles, 420 Westwood Plaza,
Los Angeles, CA 90095. E-mail: {riccardo, vwani}@ee.ucla.edu.

. C. Sabatti is with the Department of Human Genetics and Statistics,
University of California, Los Angeles, 695 Charles Young Drive South, Los
Angeles, CA 90095. E-mail: csabatti@mednet.ucla.edu.

. J.C. Liao is with the Department of Chemical Engineering, University of
California, Los Angeles, 420 Westwood Plaza, Los Angeles, CA 90095.
E-mail: liaoj@ucla.edu.

Manuscript received 17 May 2004; revised 21 Mar. 2005; accepted 22 July
2005; published online 1 Nov. 2005.
For information on obtaining reprints of this article, please send e-mail to:
tcbb@computer.org, and reference IEEECS Log Number TCBB-0055-0504.

1545-5963/05/$20.00 � 2005 IEEE Published by the IEEE CS, CI, and EMB Societies & the ACM



the underlying mechanism is assumed and an overall
sparsity constraint on the connectivity is imposed, namely,
each output signal is influenced by at most K out of N
perturbed inputs. The inference procedure is then centered
around the issue of selecting a sparse connectivity pattern
that best fits the data.

In many experiments, one does not have the capability of
selectively and precisely perturbing a significant number of
the input signals. Instead, one has access to only a subset of
the system output signals measured under different
conditions, which have the overall effect of perturbing the
physiological state of the cells in unidentified ways. In DNA
microarray experiments, for example, one can monitor the
expression level of genes, which are modulated by a hidden
set of transcriptional regulatory mechanisms, including
intercellular and intracellular signaling, coactivation me-
chanisms, and competitive binding, just to mention a few. It
is unclear how one might infer characteristics of the hidden
mechanisms and signals from only the expression data.
Even if one were to assume a linearized model for the
interactions among the activated transcription factors and
the genes, one will be left with the intractable problem of
simultaneously estimating the parameters of the linearized
system (i.e., the input-output connectivity and the related
strengths), as well as the hidden regulatory signals. Hence,
one needs to impose further constraints on the linearized
model to make the inverse problem solvable.

In [8], the authors introduced a data decomposition
technique, named Network Component Analysis (NCA),
which uses a certain type of a priori knowledge about the
connectivity pattern among the input and output signals in
order to reconstruct both the network input signals and the
strengths of its connections, when only the output signals
are accessible. In the case of transcriptional regulation, the
a priori knowledge on transcription factor (TF) binding sites
affinity provides information about whether a particular
TF-gene regulatory link is significant or not. For example, if
the activated form of a TF is known not to bind significantly
to the binding sites in the promoter region of a gene, then
one can set the corresponding parameter in the linearized
model to zero. Data on potential TF-gene interactions (or the
absence thereof) can be easily obtained for several organ-
isms either from publicly available databases (e.g., Reg-
ulonDB [9], TRANSFAC [10], or EcoCyc [11]) or from
experimental techniques such as the genome wide location
analysis of DNA binding regulators [12], [13].

1.2 Summary of the Results

The original formulation of the algorithm (introduced as a
proof-of-concept idea in [8]) had certain shortcomings
which limited NCA’s application to a wide class of network
dynamics reconstruction problems, either because of limita-
tions in the sample size or because of the stringent
requirements imposed by the set of identifiability condi-
tions. More specifically, the set of conditions for NCA
compliance derived in the original formulation were proved
to be sufficient rather than necessary. Empirical evidence
obtained through simulation experiments indeed suggested
that the class of identifiable systems was likely to be larger
than the one defined by such initially derived set. In
addition, the model identifiability conditions described in

our previous work did not provide a simple approach for
deriving an NCA compliant topology given the available a
priori connectivity information and the sample size limita-
tions. As a consequence, the process of discovering an
identifiable architecture was essentially reduced to a trial-
and-error approach until a satisfactory subnetwork selec-
tion was attained.

In this paper, we derive a set of novel results on the
estimation problem associated with NCA and demonstrate
its wide applicability as a generalized decomposition
technique. In particular, we analyze systematically for the
first time the performance characteristics of the NCA
decomposition as a function of the measurement error, as
well as of the complexity of the regulatory network in the
ideal scenario when the model linearity is not violated. The
results obtained in a large-scale set of monte carlo
simulations demonstrate indeed the efficacy of the method
even in those cases when the modeling assumptions are
subject to noise perturbations.

In Section 3, we derive a new and reduced set of sufficient
conditions for system identifiability, which not only extend
the class of network topologies that are NCA compliant, but
also provide the potential user with a simple and quickly
testable set of properties that must be satisfied by the system
under investigation in order to be analyzedwith ourmethod.
The theoretical results presented in this section overcome one
of the major limitations of the original formulation of NCA:
The identifiability of a specific transcriptional regulatory
network can now be determined directly from the topological
properties of its connectivity pattern, rather than being
associated to the rank properties of the unknown system
matrix. In addition to simplifying the construction and study
of specific regulatory architectures, the new findings provide
a simplemeans for identifyingNCAcompliant subnetworks,
given the available a priori information on TF-gene regula-
tory interactions. Based on the newly derived set of
conditions, we introduce an approach (Section 3.3) which
aims at overcoming certain limitations of the original
formulation due to either insufficient sample size or
incomplete connectivity information.

We then introduce a statistical formulation of the
estimation procedure used in NCA and show that the
iterative method introduced in [8] for reconstructing the
regulatory signals and the connection strengths from the
observed data satisfies the Maximum Likelihood (ML)
criterion (Section 4). In Section 5, we provide a systematic
study of the performance of NCA by simulating different
types of transcriptional networks with synthetically gener-
ated input data, under various noise levels, in a large-scale
settings. In particular, we show how, from the same set of
data, one can consistently estimate multiple subnetworks.
For example, in [14], we reported the application of NCA to
a single regulatory subnetwork involving 16 transcriptional
factors and 100 genes of the bacterium Escherichia Coli

(E. coli). Using the same data set, we show how the
parameters of several overlapping subnetworks can be
consistently estimated, therefore extending the analysis to
several major transcriptional regulators of the organism
under study (a total of 37 TFs controlling 237 genes).
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2 THE NCA MODEL

For a given biological system, we can describe the nonlinear
relationship between a set of L unknown input signals
fp1; . . . ; pLg (in our case, the regulatory signals) and a set of
N measurable output signals fe1; . . . ; eNg (in our case, the
gene expression data) as follows:

enðtmÞ ¼ F
�
�1; . . . ; �K ; p1ðtmÞ; . . . ; pLðtmÞ

�
; ð1Þ

n ¼ 1; . . . ; N; m ¼ 1; . . . ;M;

where �1; . . . ; �K is a set of parameters of the nonlinear
model and t1; . . . ; tM is a discrete set of time points for
which the system dynamics are assumed to be in quasi
steady-state. Let us now consider the following linear
approximation of (1):

enðtmÞ ¼
XL
l¼1

anlplðtmÞ þ �nðtmÞ; ð2Þ

n ¼ 1; . . . ; N; m ¼ 1; . . . ;M;

where �nðtnÞ is an error term that incorporates both model
inaccuracies and measurement noise. Equation (2) can be
expressed in a matrix form as follows:

where E ¼ ½enðtmÞ� (size: N �M), A ¼ ½anl� (size: N � L),

P ¼ ½plðtmÞ� (size: L�M), and � ¼ ½�nðtmÞ� (size: N �M). A

linear model of the type described by (3) can be effectively

visualized as a bipartite network (similar to those depicted in

Fig. 2) where the input layer is associated to a set of hidden

regulatory signals which are mapped to the output layer (the

measurable output signals). The strengths of the connections

in the network are measured by the parameters anl.
In the special case where both the input variables and the

connectivity strengths are unknown, the estimation problem
defined in (3) has an infinite number of solutions, unless
further constraints are imposed on the estimation problem.
Principal Component Analysis (PCA) [15] and Independent
Component Analysis [16] provide two examples of valid
solutions to the problem by requiring the unknown input
signals to be orthogonal or statistically independent,
respectively. However, one of the fundamental problems
affecting the applicability of such decomposition techniques
to biological data resides in the fact that these are based on
specific assumptions on the statistical properties of the
reconstructed signals (orthogonality or statistical indepen-
dence), which do not generally hold for actual regulatory
signals and, therefore, tend to produce results which are
difficult to interpret from a biological standpoint.

The main idea behind NCA is to derive a biologically
meaningful solution of (3) by exploiting the available a priori
knowledge on known regulatory interactions (generally
available for several prokaryotes as well as eukaryotes in the
form of transcription factor binding affinity to different
promoter regions), avoiding, at the same time, to impose
further constraints on the estimated time-courses of the
transcriptional factor activities. As will be explained in great
detail in Section 3, NCA simply requires the activity profiles

of the regulatory signals to be linearly independent. Such a
condition is only violated when one or more of the
regulatory signals can be written as a linear combination
of the other profiles and does not require the regulatory

activities to be uncorrelated or statistically independent signals.

3 NETWORK IDENTIFIABILITY CRITERIA

3.1 Conventional NCA Identifiability Properties

In this section, we will briefly review the theoretical
foundations of NCA before moving on to the introduction
of the novel identifiability criteria.

The available information regarding each transcription
factor binding affinity to different promoter regions can be
used to define a set of constraints on the network
connectivity matrix A as follows:

aij ¼
0 if TF j does not regulate gene i
þ if TF j positively regulates gene i
� if TF j negatively regulates gene i:

8<
: ð4Þ

The relational constraints defined by (4) impose a specific
structure on the matrix A. The following definition
formalizes this concept:

Definition 1 (Regulatory Pattern). Given a matrix A and a set

R0 � fði; jÞ : 8i 2 IN; j 2 INg, we say that A is characterized

by the regulatory pattern R0 (and we will denote such

property as A � R0) if and only if:

aij � 0 for ði; jÞ =2 R0: ð5Þ

The identifiability of (3) will, in general, depend on the
specific regulatory pattern R0. For example, consider the
case when N ¼ L and R0 defines the set of diagonal
matrices. The resulting system has, trivially, a unique
solution if the sign and magnitude of the elements in the
diagonal of A are assigned. The same conclusion would
apply when considering an arbitrary permutation of a
diagonal matrix as regulatory pattern R0. In general, it is
not clear how the sparsity properties of the matrix A will
affect the uniqueness of the estimation problem in (3).

We demonstrated in [8] that the special case consisting of
arbitrary permutations of diagonal matrices is not the only
one where the solution of (3) is unique when sign and
scaling are factored in. In order to generalize such property,
let us introduce the following additional definitions:

Definition 2 (Scaling Property). Given two matrices A � R0

and P , and their matrix product T ¼4 AP (size: N �M), we

will say that the decomposition of T given by the pair ðA;P Þ is
essentially unique if and only if all pairs ð ~AA; ~PP Þ, such that
~AA ~PP ¼ T can be expressed as follows:

~AA ¼ AX�1;

~PP ¼ XP;
ð6Þ

where X (size: L� L) is an arbitrary nonsingular diagonal

matrix.

The definition identifies (without proving its existence) a
class of matrix pairs ðA;P Þ, whose product can be decom-
posed only as scaled versions of the original matrices.
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The next definition aims at establishing a fundamental
property of the system matrix A by identifying a class of
regulatory networks for which each transcriptional regula-
tor has an independent role, i.e., its regulatory function is
unique and cannot be replaced by a combination of the
regulatory effects due to the other transcriptional regulators.

Definition 3 (Extended Rank Conditions). A matrix A (size:
N � L, N � L) satisfies the extended rank conditions if
and only if each matrix obtained from A by arbitrarily
selecting one of its columns and removing those rows
corresponding to the nonzero elements of the selected column
has rank equal to L� 1.

It is straightforward to prove that, if a matrix A satisfies
Definition 3, it is also full column rank. The following
proposition summarizes the conventional formulation of
NCA’s identifiability result which was introduced and
proven in [8]:

Proposition 1 (NCA Decomposition). Given two matrices A
(size: N � L) and P (size: L�M), define their matrix
product as T ¼4 AP (size: N �M). If the following hypotheses
are satisfied:

1. A � R0 and it satisfies the extended rank conditions
of Definition 3.

2. P is full row rank.

Then, for any matrices ~PP (size: L�M) and ~AA (size: N � L)
such that ~AA � R0 and ~AA ~PP ¼ T , it is always possible to
identify a diagonal nonsingular matrix X (size: L� L) such
that:

~AA ¼ AX�1;

~PP ¼ XP:

Therefore, when the hypotheses are satisfied, the NCA
decomposition is said to be essentially unique.

3.2 Identifiability Properties from Regulatory
Patterns

The conventional formulation of the properties of the
decomposition, derived in [8], requires that the system
matrix A is either known (which is never the case) or that it
satisfies Definition 3 by construction. As a consequence, the
following fundamental question remains unanswered: Gi-
ven a regulatory pattern R0, typically derived from a priori
biological information, can we establish the identifiability of the
model uniquely from the properties of the regulatory pattern R0?

In other words, is it possible to identify a class of regulatory
patternsR0 such that all matricesA � R0 satisfy the extended
rank conditions of Definition 3? Such an issue is of critical
relevance; since the system matrix A is unknown a priori, it
cannot be tested for compliance to the requirements of
Proposition 1. Therefore, it would be a highly desirable
property of the decomposition to be able to determine the
feasibility of the approach directly from the available a priori
information. The following set of results effectively bridges
such gap by proving that under certain conditions all1

matrices A � R0 satisfy the extended rank conditions
introduced in Definition 3. Let us start by introducing the
following useful definition:

Definition 4 (TF-Reduced Network). Given a regulatory
pattern R0 and its associated network topology, we define the
TF-reduced network RðiÞ

0 as the regulatory topology obtained
by removing the ith input node (i ¼ 1; . . . ; L) together with
all the output nodes it is connected to.

We are now ready to formulate a set of novel results on
the identifiability of a specific regulatory pattern:

Lemma 1 (Necessary Conditions on R0). For a given
regulatory pattern R0, no matrix A � R0 will comply with
the extended rank conditions unless the regulatory pattern R0

satisfies the following hypotheses:

1. The number of nodes in the the output layer is larger or
equal to the number of nodes in the input layer
(N � L).

2. Each node in the input layer is connected to at most
L� 1 nodes in the output layer.

3. The following three conditions must hold for any
TF-reduced network RðiÞ

0 (i ¼ 1; . . . ; L):

a. No input node in RðiÞ
0 must become disconnected

(Fig. 1a).
b. No “stars,” i.e., structures, including only one

output node connected to two or more input
nodes, must appear (shown in Fig. 1b).

c. If one or more stars are created where a single
input node is connected to two or more output
nodes (shown Fig. 1c), they must satisfy the
following inequality:

K �
X
stari

ðdegðTFiÞ � 1Þ < L� 1; ð7Þ
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Fig. 1. Graphical representation of the necessary conditions on the regulatory pattern R0 required for identifiability. After removal of one TF and all

the genes connected to it, the resulting graph must not have structures like the ones shown in (a) or (b) (referred to as “stars”). Structures of type (c)

are allowed as long as (7) is satisfied.



where K is the number of nodes left in the output
layer after pruning.

A proof of this lemma is given in Appendix A, where it is
shown that, if R0 does not meet all the hypotheses, then any
A � R0 will trivially violate Definition 3. The next result
shows that such conditions on R0 are indeed sufficient to
guarantee that for almost any A � R0 (with the exception of
a set of measure zero in the space of all possible choices of
its nonzero elements), the identifiability hypotheses of
Definition 3 are satisfied:

Lemma 2 (Rank of a Constrained Random Matrix). A
matrix � (size: K � ðL� 1ÞÞ, where K � L� 1, whose
elements satisfy the following hypotheses:

1. No row or column of � is identically zero.
2. No more than one column of � is equal to ej

2 for any
j ¼ 1; . . . ; L� 1.

3. If one or more rows of � are equal to ei (i ¼ 1; . . . ; K),
then it must hold that:

K �
X
i

ð#rows � ei � 1Þ < L� 1 ð8Þ

has full column rank for all possible choices of its
elements, with the exception of a set of measure zero.

The proof (given in Appendix B) is based on showing
that, when the hypotheses of the theorem are met, the set of
entries of � causing a loss of rank is a manifold with zero
volume in the space of all possible choices for its elements.

The following result is obtained by combining the
two lemmas:

Theorem 1 (Generalized Identifiability). Consider a set of L
input signals p ¼ fp1; . . . ; pLg and a set of N output signals
t ¼ Ap obtained through an arbitrary mixing matrix A �
R0 (size: N � L). If the following hypotheses are satisfied,

1. the input signals p ¼ fp1; . . . ; pLg are linearly in-
dependent and

2. the regulatory pattern R0 satisfies all the hypotheses of
Lemma 1,

then the input signals can be reconstructed up to arbitrary
scaling from the output signals ft1; . . . ; tNg. Analogously, the
mixing matrix A can be reconstructed up to arbitrary scaling
of its columns.

The proof is straightforward and consists of showing that
all the hypotheses of Proposition 1 are satisfied. The basic
steps are as follows: Consider a transcriptional network
characterized by a regulatory patternR0 that satisfies all the
hypotheses of Lemma 1. Because of Lemma 2, the unknown
system matrix A will satisfy Definition 3 for essentially any
choice of its nonzero entries. Finally, since the input signals
p ¼ fp1; . . . ; pLg are hypothesized to be linearly independent,
the matrix P (holding a finite sample of such signals) is
guaranteed to be full row rank.

The theorem identifies a set of conditions on the
regulatory pattern R0 that can be easily tested for
compliance. Note that such conditions are still only sufficient
because Definition 3 used in Proposition 1 is also sufficient
and not necessary. Fig. 2 shows two examples of regulatory
patterns characterized by the same number of nodes as well
as by the same number of connections (the edges of the
network). The regulatory network shown in Fig. 2a is not
identifiable due to the regulatory pattern of the transcrip-
tional regulator corresponding to the first column, which
violates hypothesis 3.a of Lemma 1. The network in Fig. 2b,
on the other hand, satisfies all the identifiability conditions.
Notice that the adjacency matrices of both networks are full
column rank, thus showing that set of identifiability
conditions cannot be reduced to more conventional proper-
ties of linear systems.

3.3 Selection of Multiple Identifiable Regulatory
Subnetworks

When networks of the type described by model (3) are built
upon a priori biological information, the identifiability
conditions described in Theorem 1 may not be always
satisfied. This might be due to either an insufficient number
of data samples collected during the experimental stage
(whenM < L the linear independence of the input signals is
necessarily violated), or to the connectivity topology of the
regulatorynetworknot satisfying thehypothesesofLemma1.
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1Þ-dimensional space.
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both networks are full column rank.



We propose a solution to the identifiability problem

which is based on pruning the set of transcriptional

regulators until the conditions provided by Theorem 1 are

satisfied. In the ideal case, when the sample size can be

made arbitrarily large, the largest possible NCA compliant

transcriptional subnetwork can be easily identified simply

by removing those regulators that violate the hypotheses of

Lemma 1. On the other hand, when the sample size is

limited, the maximum number of regulators whose activity

can be reconstructed with NCA is inherently limited by the

rank conditions given in Lemma 1. When such a restriction

is in place, the problem of finding all possible subsets of

transcriptional regulators that are NCA compliant can be

shown to be a combinatorial NP-hard problem. We propose

the following iterative procedure in order to identify

suitable subnetworks:

Note that a key step in the above procedure consists of
removing the genes affected by the transcriptional regula-
tors that have been pruned. Such a step guarantees that the
genes still included in the topology are not targets of

transcriptional regulation from factors that are not part of the
set under consideration.

Consider, for example, the network in Fig. 3a: It is easy to

verify that the topology of this network violates the

hypotheses of Lemma 1. Therefore, although the complete

system is not identifiable, it is nonetheless possible to

restrict the analysis to transcriptional regulators TF1 to TF4

and build an identifiable subnetwork by selecting the subset

of genes which are not regulated by TF5. Note that none of

the genes, which are still present in the reduced topology,

are known to be affected by transcription factors other than

those under consideration.

4 REGULATORY NETWORK ESTIMATION

FRAMEWORK

In this section, we derive a maximum likelihood (ML)
estimation framework for (3) and we show that, under
Gaussian noise assumptions, the stationary points of the
likelihood function must satisfy the normal equations of the
associated weighted least-square criterion. Such a result
represents an extension to the class of bilinear systems of
the well-known equivalence between the two criteria for
standard linear systems. The derivation provides a statis-
tical justification to the two-step least-squares estimation
approach used in [8] by proving it satisfies the maximum
likelihood criterion.

4.1 Maximum Likelihood Estimation

Let us consider the noisy linear model defined in (3), where
the connectivity matrix A defines a regulatory pattern that
satisfies the hypotheses of Proposition 1:

E ¼ AP þ �; A 2 R0; ð9Þ

where � is a matrix of measurements errors which are
assumed to be zero-mean Gaussian and independent. Since
we are assuming a Gaussian independent noise character-
istic, the negative log-likelihood function [17] associated
with (9) has the following simplified expression:

LðA;P Þ ¼
XN
n¼1

XM
m¼1

enm � aðrÞn pðcÞ
m

� �2
�2
�nm

; ð10Þ

where aðrÞn is the nth row of the matrix A, pðcÞ
m is the mth

column of the matrix P , and

E½�ij�mn� ¼ �2
�nm

if i ¼ m and j ¼ n
0 otherwise;

�
ð11Þ
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removing TF5 and the genes that are associated to it.



where �mn is the ðm;nÞ element of the noise matrix �. The
quantities �2�nm are assumed to be known experimentally.
When multiple samples are available for the measurement
data enm;t, we can simply consider enm ¼ E½enm;t�, i.e., their
ergodic averages. The minimum of the negative likelihood
function canbecomputedby setting itsgradient equal to zero:

rLðA;P Þ ¼ @L

@aij

@L

@pkq

� �T
¼ 0: ð12Þ

We have from (10):

@LðA;P Þ
@aij

¼ �2
XM
m¼1

pjm eim � a
ðrÞ
i pðcÞ

m

� �
�2
�im

; ð13Þ

for i ¼ 1; . . . ; N and j ¼ 1; . . . ; L. Also:

@LðA;P Þ
@pkq

¼ �2
XN
n¼1

ank enq � aðrÞn pðcÞ
q

� �
�2
�nq

; ð14Þ

for k ¼ 1; . . . ; L and q ¼ 1; . . . ;M. The components of the
gradient vector have a straightforward interpretation.
Notice, in fact, that (for i ¼ 1; . . . ; N):

XM
m¼1

pjmeim
�2
�im

" #
j¼1;...;L

¼

e
ðrÞ
i C�1

��
ðrÞ
i

p
ðrÞT
1

..

.

e
ðrÞ
i C�1

��
ðrÞ
i

p
ðrÞT
L

2
66664

3
77775

T

¼ e
ðrÞ
i C�1

��
ðrÞ
i

P T ;

ð15Þ

XM
m¼1

pjma
ðrÞ
i pðcÞ

m

�2
�im

" #
j¼1;...;L
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with:
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where ��ðcÞq is the qth column of the noise matrix �. Hence, it

holds that:
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for i ¼ 1; . . . ; N , and:
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for q ¼ 1; . . . ;M. Equations (21) and (22) show that the

gradient of (10) is zero when the pair ðA;P Þ satisfies the

normal equations of the weighted least-squares criterion in

the case when P is given and in the case when A is given,

respectively.

5 RESULTS

The goal of this section is to investigate the performance of

NCA as a general approach for the reconstruction of the

unknown parameters of a bipartite network, in the special

case when only the output of the system is measurable and

partial knowledge on its topology is available. In particular,

the following aspects of the estimation procedure have not

been previously investigated:

. The effect of noise in the measurement data on the
accuracy of the reconstruction, and, for a given noise
level, the relationship between the network com-
plexity and the performance of the estimation
procedure.

. The sensitivity of the approach to inaccuracies in the
hypothesized network topology.

. The identification of multiple NCA compliant sub-
networks from the available connectivity informa-
tion, particularly in those cases when the available
sample size limits the number of regulatory profiles
that can be estimated.

The following sections address each issue individually.

5.1 Synthetic Data with Additive Noise

The goal of this first set of simulation experiments is to

assess the efficacy of the method in reconstructing the

network dynamics in large-scale settings when both the

model linearity and identifiability assumptions hold

strictly, while the output measurements are perturbed by

increasing additive noise. This test aims at establishing the

performance characteristics of the NCA decomposition as a

function of the measurement error as well as of the

complexity of the regulatory network in the ideal scenario

when the model linearity is not violated.
In this experiment, expression level data was generated

synthetically based on the model defined in (3). We
considered two different examples of connectivity topology.
The first (named Network A) consists of a network of
321 genes and 25 transcriptional factors with an in-degree
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(the number of TFs controlling each gene) ranging between
1 and 6, for a total of 661 regulatory interactions. This first
example aims at mimicking a real transcriptional regulatory
network, where most binding sites are in general associated
to a small number of regulatory factors (almost always less
than four). A histogram plot of the in-degree distribution of
the resulting network is shown in Fig. 4a.

The second example (Network B) comprises a similar
number of genes and TFs (400 and 25, respectively), but
with a larger average network in-degree (cf. Fig. 4b),
resulting in an increased total number of connections in
the network (2,475). In general, denser connectivity matrices
will result in harder estimation problems, both because the
total number of variables is larger and also because of the
increase in redundancy in the regulation mechanisms.

The synthetic time-courses of the transcriptional factor
activities were generated keeping in mind one of the key
aspects of the proposed decomposition, namely, its
capability of reconstructing the regulatory signals without
requiring specific assumptions on their statistics. There-
fore, three different sets of transcriptional factor activities
(for each of the two networks) were synthetically
generated with various degrees of statistical dependence
between the TFs’ profiles. The first set consists of
25 nearly uncorrelated zero-mean Gaussian signals, while
the remaining two sets were generated by linearly mixing
additional sets of Gaussian signals until a certain
prespecified level of statistical dependency between the
signals was achieved.

The condition number � of the signal matrix P (defined
as the ratio between its largest and its smallest singular
values) was adopted as an overall measure of statistical
correlation between the input signals of the regulatory
network. The condition number for each set of TFs profiles
is shown in Table 1, along with the results that were
obtained when attempting the reconstruction of 1,000 dif-
ferent regulatory networks for each combination of network
topology and set of transcriptional factor activities. Differ-
ent levels of additive noise were also considered for

comparison. In all cases, the mean square error was used
as a measure of accuracy in the reconstruction of both the
control strengths (A) and the TF activity profiles (P ). The
accuracy in the fit of the synthetic expression data matrix is
also reported.

The results shown in Table 1 confirm the method’s
capability of reconstructing the network parameters, even
in those cases for which the driving signals are strongly
correlated. In particular, the reconstruction error becomes
arbitrarily small when the additive noise is zero in all cases.
Moreover, the reconstruction accuracy appears to slowly
deteriorate for increasing levels of measurement noise, as
well as for increasing levels of correlation between the
regulatory signals, thus suggesting that the algorithm is
robust to moderate perturbations.

5.2 Synthetic Data with Inaccuracies in the
Connectivity Topology

The accuracy of the a priori knowledge on the regulatory
interactions between input nodes and output nodes in the
network plays a key role in NCA. The connectivity topology
for actual biological regulatory networks is conventionally
built from different sources of a priori information on the
interaction between the different chemical species. For
example, in the case of transcriptional networks, this kind
of information is largely available in the literature for
several organisms and it is often accessible through publicly
available databases. Nonetheless, one must take into
account the fact that experimentally derived interaction
patterns are often prone to errors.

In this second simulation experiment, we considered the
connectivity architecture of Network A from the previous set
of simulations, and we evaluated the effect of introducing
random errors in the hypothesized connectivity topology.
Once the synthetic data was generated according to the true
network connectivity pattern (with 10 percent additive
Gaussian noise), we systematically introduced errors in the
hypothesized connectivity structure by randomly selecting
a subset of gene-TF pairs and adding a connection if one

296 IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS, VOL. 2, NO. 4, OCTOBER-DECEMBER 2005

Fig. 4. In-degree distribution (number of TFs regulating each gene) for (a) Network A and (b) Network B.



was not present, or otherwise removing it if one was

present. The procedure was selectively applied to 2 percent,

5 percent, and 10 percent of the connections in the network.3

The results we obtained are shown in Table 2. The

measured mean square error in the reconstruction of the

connectivity matrix A is clearly larger than in the case when

the correct topology was considered and tends to increase

monotonically with the percentage of wrong connectivity

assumptions. However, the reconstructed profiles of the

transcriptional factor activities are, in general, less affected

by the errors in the topology, even though the consistency of

the reconstruction worsens, as witnessed by the larger

values of the 90 percent percentile. This phenomenon is

easily explained by considering that the profile of a given

transcriptional regulator is estimated from a large set of gene
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TABLE 1
Results Obtained by Applying NCA to Two Synthetic Transcriptional Regulatory
Network Architectures (Each Simulated 1,000 Times with Different Parameters)

The simulation experiments included three different sets of transcriptional regulator activity profiles, characterized by various degrees of mutual
statistical dependence (here, collectively described by the condition number � of the matrix P ). Different levels of additive Gaussian noise were also
considered. The results are shown in terms of median mean-square-error (mse) and 90-percentile of the mse (i.e., in 90 percent of the simulations, a
mse smaller than the one reported was observed).

3. Note that the percentages are expressed in terms of the number of
connections in the network, not in terms of the total number of elements in
the A matrix.



expression level samples: The least-squares criterion tends to
favor the regulatory interactions that better explain the data, thus
assigning less weight to inaccurate connections in the regulatory
pattern.

In general, the behavior of the proposed decomposition
in those situations when erroneous connectivity assump-
tions are made cannot be fully predicted in advance. Factors
that will influence its performance are, for example, the
noise in the measurement data, the number of wrong
connectivity assumptions, as well as their location, and the
degree of correlation between the regulatory signals.
However, for a given network topology, and a set of
measurement data characterized by a known noise level,
one can attempt to establish a priori the sensitivity of the
reconstructed network dynamics by conducting a series of
simulation experiments of the type described in this section,
therefore assessing the consistency of the results when
different patterns of error in the hypothesized network
architecture are introduced.

5.3 Reconstruction of Multiple Transcription
Regulation Subnetworks in E. coli

We applied the method for identifying NCA compliant
transcriptional subnetworks, described in Section 3.3, to the
data set described in [14]. Specifically, we aimed at
validating our procedure by comparing the reconstructed
regulatory activities when these were estimated from
different sets of gene expression profiles. The data set
comprises a total of 25 time-points that were collected while
growing E. coli during a medium transition (from glucose to
acetate). The original analysis of this data set with NCA [14]
resulted in the reconstruction of a single regulatory
subnetwork including 16 transcription factors whose
activity profiles were estimated along with their control
strength on a total of 100 genes. Although connectivity
information is available for 120 TFs and over 800 genes, the
available sample size limited the choice of the number of
regulators whose activity could be reconstructed according
to the original formulation of the algorithm.

By following the procedure described in Section 3.3,
three partially overlapping transcriptional subnetworks
were identified from the same data set, including a total
of 37 unique TFs (shown in Fig. 5) and 237 genes (Fig. 6a
provides a list of the number of genes and TFs that are

shared by any choice of the three subnetworks). A selection
of the reconstructed time-courses of the regulators are
shown in Fig. 6b. These factors were specifically selected in
order to show how accurately their profiles were recon-
structed from different sets of genes whose promoters they
are known to regulate. The results exhibit a significant
consistency in the estimation of such transcription factor
activities across different sets, thus demonstrating the
applicability of a simultaneous reconstruction of over-
lapping regulatory subnetworks. The mRNA levels of the
corresponding genes are shown in Fig. 6b along with the
estimated regulatory profiles: By comparing the activity
levels of the proteins with the plain expression levels of the
genes, it is evident that such activities must be modulated
posttranscriptionally through specific activation (or inacti-
vation) mechanisms (e.g., coactivation or corepression,
formation of complexes, or selective cleavage of the factors).

The biological relevance of such results is two-fold. First,
we were able to overcome one of the original shortcomings
of the standard NCA procedure by effectively exploiting all
the available expression data. Such improvement has the
potential of increasing several folds the number of regulators
whose activity profiles can be studied. Second, the consistency
in the reconstructed regulatory profiles estimated from
different subnetworks provides a new form of compelling
evidence on the reliability of the log-linear modeling
assumption introduced in [8] in order to describe the
dynamics of gene transcription regulation.

It is noteworthy that the procedure enabled the recon-
struction of the activity profiles of several key regulators of
E. coli’s gene transcription, whose estimation was not
considered viable in [14]; among them are FIS, FNR, and
IHF. For example, the estimated activity profile (cfr. Fig. 6b)
of FIS (a DNA binding protein involved in DNA replication
specific processes) matches quite accurately previous
experimental evidence [18] that the activity of this factor
rapidly increases within 15-30 minutes of a nutritional
upshift and then slowly levels off when cells begin to grow.
The negative activity level of FNR at the peak of the diauxic
shift (Fig. 6b) confirms recently published experimental
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TABLE 2
Reconstruction MSE for Different Levels of Inaccuracy

in the Hypothesized Network Topology

The consistency in the estimation of the regulatory profiles (in boldface)
remains satisfactory for a significantly wide range of wrongly hypothe-
sized regulatory interactions.

Fig. 5. The figure shows the three regulatory subnetworks of E. coli
analyzed with NCA. The three subnetworks are characterized by
partially overlapping sets of transcriptional regulators.



evidence [19] describing the inactivation of the regulator
during carbon source transitions, as well its behavior
antithetic to the cAMP receptor protein. Finally, the overall
flat profiles of IHF clearly show that the rich medium
conditions in which the bacterium was grown into did not
result in significant variations in the activity of this factor
which is involved in DNA recombination and replication.

6 DISCUSSION

The simulation results presented in Section 5 demonstrate
NCA’s capability of reconstructing hidden regulatory
signals when these are the unknown input of networks
that satisfy certain topological criteria, even under fairly
noisy conditions. In particular, the method succeeds in
separating the input signals even when these are highly
correlated, thus overcoming a major limitation of standard
exploratory techniques such as PCA or ICA. Moreover,
when investigating the sensitivity of the algorithm to
inaccuracies in the hypothesized network topology, we
observed that the method is still capable of providing a
faithful reconstruction of the input signals, as long as the
relative frequency of inaccurate connections is low when
compared to the total number of connections. This result is
of particular interest, since the a priori knowledge on the
network topology is often derived from experimental data
which is prone to errors.

The novel theoretical results presented in Section 3
overcome one of the major limitations of the original
formulation of NCA: The identifiability of a specific
transcriptional regulatory network can now be determined
directly from the topological properties of its connectivity
pattern, rather than being associated to the rank properties
of the unknown system matrix. In addition to simplifing the
construction and study of specific regulatory architectures,
the new findings provide a simple means for identifying
NCA compliant subnetworks given the available a priori

information on TF-gene regulatory interactions. Based on

this new set of identifiability conditions, we proposed and

tested a method for reconstructing multiple (and possibly

overlapping) transcription regulation subnetworks that are

estimated simultaneously from the same data set.
We demonstrated the applicability of the subnetwork

selection method in Section 5. Starting from regulatory

protein binding site affinity information for the bacterium

E. coli, we built a diagram of the overall connectivity

topology which relates promoter regions to transcriptional

regulators. The identifiability of such initial network is

unattainable both because of the limited sample size

available in the experimental data and also because several

regulators violate the hypotheses of Lemma 1. By applying

the approach discussed in Section 3.3, we were able to

identify three NCA compliant subnetworks which in-

cluded a number of TFs significantly larger than the

number of available data samples. For such a set of

regulators, the consistency in the profiles reconstructed

starting from different subnetworks provided compelling

preliminary evidence that the parallel reconstruction of

regulators’ profiles across different transcriptional subnet-

works is viable.

7 APPENDIX

7.1 Proof of Lemma 1

Since the lemma defines a set of necessary conditions onR0,

it will suffice to show that, if any of these hypotheses is

violated, then no A � R0 can satisfy the extended rank

conditions of Definition 3, regardless of the value of its

nonzero entries:

1. When N < L, the largest submatrix of A has at the
most L� 2 rows and, therefore, it cannot have
column rank at least equal to L� 1.
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Fig. 6. Reconstruction of the dynamics of multiple overlapping transcriptional subnetworks. (a) The table provides details on the number of genes
and TFs in each subnetwork, as well as the number of nodes shared by any combination of them. (b) A selection of the regulatory profiles
reconstructed from different sets of genes are shown (different colors are used for the estimates obtained from the analysis of each subnetwork).
The dashed profiles represent the mRNA levels of the corresponding genes measured during the experiment (Note: The expression level profile of
FIS is not shown due to the large number of missing values affecting the experimental data).



2. If an input node is connected to more than
L� 1 output nodes, then any A � R0 will have at
least one column with less than L� 1 zeros. As a
consequence, the reduced matrix obtained by
removing all the rows corresponding to nonzero
entries of any such column will have less than
L� 1 rows, thus violating Definition 3.

3.

a. When this hypothesis is violated, the adjacency
matrix of one or more TF-reduced networks will
have one or more identically zero columns (out
of a total of L� 1) and, therefore, it cannot be
full column rank in violation of Definition 3.

b. Such structures (as in Fig. 1b) appear in the
resulting adjacency matrix as columns equal to a
scaled version of the basis vector ej for a given j.
Such vectors are always linearly dependent,
regardless of the value of their single nonzero
entry, thus violating the rank conditions.

c. Analogously, structures as the one shown in
Fig. 1c appearing after pruning of one of the
input nodes will cause a loss of row rank.
However, since the reduced matrix is required
to have full column rank, not full row rank, it is
straightforward to show that these structures are
allowed as long as (7) is satisfied. When such an
inequality is violated, the reduced matrix will
have row rank less than L� 1 and, conse-
quently, will be column rank deficient. tu

7.2 Proof of Lemma 2

The column rank of � is equal to the size of its largest
nonsingular square submatrix [20]. Let us consider a
generic submatrix of � of size ðL� 1Þ � ðL� 1Þ and refer
to it as �. Its determinant can be written as:

j�j ¼
XL�1

i¼1

ð�1Þiþj�ijjMijj; ð23Þ

where Mij is the minor ði; jÞ obtained from � by eliminating
its row i and column j. Clearly, j�j is trivially equal to zero
if and only if hypotheses 1, 2, or 3 are violated, since all of its
minors will have determinant equal to zero.

In all other cases, it is straightforward to show that none
of the minors resulting from the recursive definition will
have any row or column identically equal to zero. There-
fore, the set of solutions of:

j�j ¼ 0 ð24Þ

is a manifold in IRðL�1Þ�ðL�1Þ, which is a set of measure zero.tu

7.3 Properties of the ML Estimator

In this section, we demonstrate certain properties of the ML
estimate, defined as the optimum of the cost function (10).
In particular, we will show that the biases of the estimates
of A and P are mutually related.

From (21), the ML estimate of the ith row of A is
given by:
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where ~PP is the ML estimate of P , whose columns can be
computed as:
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Similarly, since:

eðcÞq ¼ ApðcÞ
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it holds that:
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