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Abstract - We derive and discuss two new algorithms for 
principal component analysis (PCA) that are shown to 
converge faster than the traditional PCA algorithms due 
to Oja and Sanger. It is well known that the traditional 
PCA algorithms, which are derived by using the gradient 
ascent technique on an objective function, are slow to 
converge. Furthermore, the convergence of these 
algorithms depends on the appropriate selection of the 
gain sequences. Since online applications demand faster 
convergence and an adaptive choice of the gains, we 
present new algorithms to solve these problems. We first 
present a new unconstrained objective function which can 
be maximized to obtain the PCA components. Adaptive 
algorithms are derived from this objective function by the 
use of the (1) gradient ascent, (2) conjugate direction, and 
the (3) Newton-Rhapson methods of optimization. 
Although the gradient ascent technique results in the 
well-known Xu algorithm, the conjugate direction and 
Newton-Rhapson methods produce two new algorithms 
for PCA. Extensive experiments on synthetic Gaussian 
and real-world signal data show the faster convergence of 
the new algorithms over the traditional methods. 

1. INTRODUCTION 

Recent research in the area of adaptive principal 
component analysis (PCA) has produced a large number 
of algorithms that are derived from: (1) anti-Hebbian 
learning [ 1,5], (2) Hebbian learning [1,5,6], (3) lateral 
interaction algorithms [ 1,5], and (4) gradient-based 
learning [1,5]. It is well-known [1,5] that that the 
traditional PCA algorithms, which are derived by using 
the gradient ascent technique on an objective function, are 
slow to converge. Furthermore, both analytical and 
experimental studies show that the convergence of the 
algorithms depend on the appropriate selection of the gain 
sequence { q k }  (see eqn. (1)). Moreover, it is proven [6] 
that if the gain sequence exceeds an upper bound, then 

the algorithms may diverge or converge to a false 
solution, 

Since most of these algorithms are used for real-time 
(i.e., online) processing, it is especially difficult to 
determine an appropriate choice lof the gain parameter at 
the start of the online process. Hence, it is important, for 
wider applicability of these algorithms, to: (1) speed up 
the convergence of the algorithms, and (2) automatically 
select the gain parameter based on the current data 
sample. 

A traditional algorithm for PCA is due to Oja et a1 [6] 
and due to Sanger [SI as below 

vvk+l =wk + q k  (Akwk -wk u T b f A k W k  1 (1) 
where { q k }  is a sequence of scalar gains, and UT[.] sets 
all elements below the diagonal of its matrix argument to 
zero, thereby making it upper triangular. 

In this study, we investigate two different methods to 
speed up the traditional algorithm (1). In the process, we 
derive two new algorithms for I T A  that are shown to 
converge faster than algorithm (1). We also select the 
gain sequence { qk} based on the current data sample. 

Several researchers [ 11 have shown that algorithm (1) 
can be derived by maximizing an objective function under 
constraints. Hence, we can use the theory of nonlinear 
optimization to this maximization task. In order to 
achieve this goal, we first derive a new unconstrained 
objective function that can be maximized to obtain the 
PCA Components. 

We next apply the Conjugate Direction methods to this 
unconstrained objective function to derive a new 
algorithm for PCA. This algorithm is shown to converge 
faster than the traditional algorithm (I). Furthermore, this 
new algorithm adaptively computes the gain sequence 
{ qk]  based on the current data sample. 

We next apply the Newton-Rhapson method to this 
unconstrained objective function to obtain a second new 
algorithm for PCA. This algorlithm is also shown to 
converges faster than the traditional algorithm (1). This 
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algorithm also adaptively computes the gain sequence 
{ qk] based on the current data sample. 

In Section 2, we present a new unconstrained objective 
function for PCA. We next apply the Conjugate Direction 
methods to this objective function to obtain a new 
algorithm for PCA. We further use the Newton-Rhapson 
method to this objective function to obtain a second new 
algorithm for PCA. In Section 3, we provide a proof of 
convcrgcnce of the new algorithms under some 
conditions. In Section 4, we present the experimental 
results with synthetic Gaussian and real-world signal data 
showing the faster convergence of the two new algorithms 
ovei- the traditional algorithm (I) .  

2. TWO NEW ALGORITHMS FOR PCA 

It is well-known [l] that the standard quadratic problem 
leading to a PCA solution is one of how to maximize the 
objective function 

T T wi Awi undcr constraint wi w = 6, for j =1, ..., i-1, 

where wi E sin is the i fh principal eigenvector of a positive 
definite matrix A E % ~ ~ ~ ,  and is the Kronecker's delta. 
This is equivalent to the unconstrained maximization 
problem 

J ( w i ) = w i  Awi - u ( w ~ w ~ - ~ ) - ~ ~ ~ ~ w ~  w j ,  (2)  

where a and Pj +I, ..., i-1) are the Lagrange multipliers. 

By equating the gradient of J" with respect to wi to zero, 
we obtain 

,.. i-1 
( l / 2 ) V , v j J ( ~ j ) = A ~ i  - O X -  C P j w j  = O .  

j=l 

i-1 

j=l  

T - 

By multiplying V,;J(wi) to the left by WT and 

applying the constraints, we obtain 
T a = wi Awi 

Similarly, by multiplying OwiJ"(wi) to the left by w; 
and applying the constraints, we obtain 

P j  = w j Awi for j = 1, ..., i -1. 

Replacing these values of the Lagrange multipliers into 
(2),  we obtain a new unconstrained ob'ective function 

T 

J ( w ; ) = w ~  T A w ~  -w;  Awj ( T  W; W ,  -1 1 
(3) 

We can now apply different methods for maximizing this 
objective function (3 )  to obtain different algorithms for 
PCA. 

T T i-1 

j=l 
- 2 C w j A w i w i  w j .  

2.1 Gradient Ascent Method 
We first apply the gradient ascent technique on this 
objective function (3) to obtain 

(1/2)V,,J(w1)=2Aw, -w ,wTAw,  - x w , w y A w ,  
1-1 

]=I 

-Aw,w, W,  - ~ A W J w j w , .  (4) T I-1 

]=l 

This gives the following adaptive algorithm for PCA 
T 

W i + l  = W; + q k ( z A k W ;  - W i W i  AkW; 

where A, is the online observation for A.  It is convenient 

to define a matrix W=[w l, . . . ,wJ (p<n), for which the 
columns are the p weight vectors that converge to the p 
principal eigenvectors of A respectively. Then, ( 5 )  can be 
represented as 

wk+l =wk +qk (2AkWk -WkuTbfAkWk] 

- Ak Wk UTbTWk D (6)  
Note that (5) is an algorithm due to Xu [lo] that can also 
be derived from a least mean squared error criterion of a 
feedforward neural network. 

2.2 Conjugate Direction Method 

We define the online gradient g i  of the objective 

function J(wi) in (3) as follows: 
. T  i-1 . .T 

gb =2AkWi - W h W i  A k W ;  - X W L W L  A k W i  
j=l  

. T  i-1 T .  
- A  w i w '  w i -  CA k w j w j  k k wi.  

k jZ1  (7) 

The adaptive conjugate direction algorithm for PCA can 
he obtained as follows: 

w:+* = W; +ahdh 

dB-+, = gb +p'di  k k '  (8) 

We next discuss the choices of ah and ph from the 

current data sample A,. The gain constant a; is chosen 

as the a that maximizes J(wk +@g;). Since we have 

an expression for J(wJ in (3), we maximize the function 
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J ( w i  + a g i )  with respect to a and obtain the following 
cubic equation: 

(9) 
For the principal eigenvector case, the coefficients in this 
equation (9) are 

3 2 c3a +c2a +qa+c, =o.  

I T  1 I T  1 c 3 = 2 g k  A k g k g k  g k  

1' 1 C O = g k  g k *  

With known values of w i  and 81 ,  the above equation 

can be solved to obtain an a that maximizes 
J ( w L  + a g b ) .  

For the choice of p l ,  we can use a number of methods 
as described below: 
Hestenes-Stiefel : 

T 

. T .  T .  
Polak-Ribiere: Pd =g;+,  b;+l - g i ) / g ;  g; , 

Fletcher-Reeves: = g i + l  g ; + l / g k  g k  , and 
T ,  j T j  

Powell: p i  =max [ ,  o gk+l i ' t i  k+l - g k  i ) /  g k  i T  gk  i ]  . 

We now represent the adaptive PCA algorithm (8) in 
the matrix form. We define the following matrices: 
wk = [ W i  ,..., W : ] ,  Gk = [ g  1 k,...,g: I ,  Dk =[dk ,..., d : l ,  

r k  = diag(ai ,...,a[ 1, and nk = diag(P: ,..., p: >. 
Then, the new adaptive PCA algorithm is: 

Gk =2AkWk -wkuT[W,TAkWk1-AkwkUT~~wk 1 
wk+l  = w k  + D k r k ,  

Dk+1 =Gk + D k n k .  (10) 
Here UT[.] is same as in (1) .  

2.3 Newton-Rhapson Method 
The Newton-Rhapson algorithm is also based on the 
objective function J ( w J  in (3). Since Newton-Rhapson is 
a function minimization algorithm, we consider the 
minimization of -J(wi) to compute the ifh principal 

eigenvector of A. The online gradient g $  of -J(wi) is: 

The adaptive Newton-Rhapson algorithm for PCA is: 

(13)  Wh+l wk i - ( Fk ij-1 gk .  i 

The main concerns in this algorithm are that F i  should 

be positive definite, and that we should adaptively obtain 

an estirnate of FL in order to make the algorithm 

computationally efficient. These two concerns are met if 
we approximate the Hessian by dropping the terms 

.-I 

. T  . 
-Ak + W ;  W i A k .  

The new Hessian is 

(14) 
where 

j=l j=l 

Inverting this Hessian consists of inverting the matrix 

Bk = wk Ak W i I  -,& , and two rank-one updates. An 
approxirnate inverse of this matrix Bk is given by 

. T  

An adaptive algorithm for inverting the Hessian F i  in 
(14) can be obtained by two rank-one updates. Let us 
define 

T ck =Bk + 2 A k W i W h  . (16) 

Then from (14), an update formula for ( F i ) - l  is: 

where 
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3. PROOFS OF CONVERGENCE 
Although the new PCA algorithms are derived by 
following standard optimization techniques on an 
objective function (3) ,  their derivations do not constitute a 
proof of convergence. Hence, it is important to provide a 
proof of convergence of the algorithms described above. 

Algorithm (6) is derived by following a gradient ascent 
technique on the objective fimction J(wi) in (3). This 
algorithm has been previously derived by Xu [lo] from a 
least mean squared error criterion of a feedforward neural 
network. The convergence of the algorithm is also proven 
by Xu [lo]. Note that this algorithm is a stochastic 
approximation procedure [2,3]. A proof of convergence of 
this algorithm based on the stochastic approximation 
theory for the generalized eigen-decomposition case is 
given in [3] .  

Algorithm (10) is obtained by following the conjugate 
direction method on the objective function J(wi) in (3). 
For its proof of convergence, we assume the following: 

Assumption (AI). The random observations { A k }  have 
the dominated convergence property, i.e., there exists a 
positive definite matrix A such that 

Assumption (A2). The p largest eigenvalues of A are each 
of unit multiplicity. 

There are several models for generating the random 
observation sequence ( A k } .  One useful model that is 
commonly used in signal and image processing 
applications [3,5] is where ( A k }  is generated from a 
sequence of random vectors {xk}, whereby 

limk,, E [ x k x k ] = A .  In order to generate { A k }  that 
satisfies A ,  -+ A w.p.1 as required by Assumption A l ,  we 
obtain ( A k }  as the output of a dynamical system given by 
the following algorithm 

Ak 4 A. W.p.1. 

T 

(19) 
Ak =Ak- l+Yk(xkxk T - A k ) >  

where A ,  is symmetric, and { G} is a positive scalar gain 
sequence that satisfies: 

CO m 

Y k  + 0, Z Y k  = 00, and y," < W. (20) 

In the following discussions, we denote A, > ;12 > .,. > 
kp L ... >An > 0 as the eigenvalues of A ,  and $ j  as the 
eigenvector corresponding to Ai such that ..., are 
orthonormal. Let @=[I$, ... I$J and A=diag(Al, ..., An) 
denote the matrix of eigenvectors and eigenvalues of A.  
Notice that if I$i is an eigenvector of A ,  then di$i (di=fl) is 
also an eigenvector of A 

k=O k=O 

Lemma 1. Let A2 hold. Then, all the equilibrium points 
of the objective function J(wi) in (3) are up to an 
arbitrary permutation of the p eigenvectors of A, i.e., any 
point d&,, where di = 0, +1 or -1, is an equilibrium 
point of J(wi). 

Lemma 2. Let A2 hold. Then, the points di$i, where di = 
+ I  or -1, are the strict global maximum points of the 
objective function J(wi) in (3) .  

The convergence of algorithm (10) can now be proven by 
an application of the dominated convergence theorem [SI, 
and by using Lemmas 1 and 2. 

Theorem 1. Let A1 and A2 hold. If  WO is sufficiently 
close to the strict global maximum solution w* in Lemma 
2, then the sequence {Wk} generated by algorithm ( I O )  
converges to W* with probability one. 

Proofs of Lemmas 1, 2 and of Theorem 1 are omitted due 
to lack of space. 

4. EXPERIMENTAL RESULTS 

4.1 Experiments with Synthetic Data 
Here we generated 500 samples of 5-dimensional 
Gaussian data with mean zero and covariance given 
below. Note that this covariance matrix is obtained from 
the first covariance matrix in [7] multiplied by 2. The 
covariance matrix is 

0.1820 0.0760 -0.1060 -0.0100 0.0200 
0.0760 0.7460 0.0360 -0.0560 -0.0220 
-0.1060 0.0360 2.8600 0.0340 0,1100 
-0.0100 -0.0560 0.0340 0.1680 -0.0100 
0.0200 -0.0220 0.1100 -0.0100 0.1420 

The eigenvalues of the covariance matrix are: 

The eigenvector matrix @ is 
2.8694,0.7619,0.1860,0.1622,0.1184. 

-0.0387 0.1312 -0.7779 -0.4134 -0.4531 
0.0148 0.9863 0.1185 -0.0314 0.1094 
0.9983 -0.0072 -0.0150 -0.0061 -0.0560 
0.0123 -0.0951 0.3256 -0.9090 0.2418 
0.0398 -0.0305 -0.5240 0.0419 0.8492 

In order to compute the online observations ( A k } ,  we 
generated random data vectors {xk}  from the above 
covariance matrix. We next generated { A k }  from { x k }  by 
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using algorithm (19) with yk=l/k. We compute the 
covariance matrix A by collecting all 500 samples xk. We 
refer to the eigenvectors and eigenvalues computed from 
this A by a standard numerical analysis method [4] as the 
actual values. 

We used the Sanger’s algorithm (l), the gradient 
ascent algorithm (6) and the new conjugate direction 
algorithm (IO) on the random observation sequence { A k } .  
In order to measure the convergence and accuracy of the 
algorithms, we computed the direction cosine at kfh 
update of each adaptive algorithm as 

Direction Cosine ( k )  = W k  II I, (21) 

where wk is the estimated eigenvector of A at kth update, 
and @ is the actual eigenvector computed from all 
collected samples by a conventional numerical analysis 
method. 

Figure 1 below shows the iterates of the three 
algorithms (l), (6) and (10) to compute the first principal 
eigenvector of A .  For the conjugate direction method, the 
parameters a; and p; are computed from the online 
data sample A, by the algorithm described in Section 2.2. 
It is clear from this figure that the conjugate direction 
method converges faster than the traditional methods, and 
also does not require an apriori selection of the gain 
sequence { qk} .  

Figure 1. Convergence of the First Principal Eigenvector 
of A by the Sanger’s Algorithm (I), Gradient Ascent 
Algorithm (6) and the New Conjugate Direction 
Algorithm (10) with qk=1/(200+k) for the Sanger’s and 
the Gradient Ascent Algorithms. 

We observed that increasing the values of ( qk)  leads to 
a faster convergence of the Sanger’s (1) and gradient 
ascent algorithms (6). In light of this observation, we 
increased the values of { q k }  in the Sanger’s algorithm 

(1) and gradient ascent algorithm (6) till { qk} reached its 
upper bound. Figures 2 and 3 shows the convergence 
plots of all three algorithms for qk=l/(lOO+k) and 

qk’ 1/(50+k). 
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Figure 2. Convergence of the First Principal Eigenvector 
of A by the Sanger’s Algorithm (I), Gradient Ascent 
Algorithm (6) and the New Conjugate Direction 
Algorithm (10) with qk=l/(lOO-tk) for the Sanger’s and 
the Gradient Ascent Algorithms. 
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Figure 3. Convergence of the First Principal Eigenvector 
of A by the Sanger’s Algorithrn (I) ,  Gradient Ascent 
Algorithm (6) and the New Conjugate Direction 
Algorithm (10) with qk=1/(50+k) for the Sanger’s and the 
Gradient Ascent Algorithms. 

It is clear from Figures 1-3, that the new PCA 
algorithm (10) based on the con,jugate direction method 
converges faster than the Sanger”s algorithm (1) in spite 
of a careful selection of qk for the Sanger’s algorithm. 

We next compare the performance of the Newton- 
Rhapson algorithm (13) against the Sanger’s algorithm 
(1) and the gradient ascent algorithm (6) in Figure 4. 
Clearly, the new Newton-Rhapson algorithm (1 3) 
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converges much faster than the Sanger’s algorithm (1) 
and the gradient ascent algorithm (6). 

0.95 0.9 ’>, ~ 

0.55 O . . V  

- Sanger 
Gradient Ascent 
Newton-Rhapson 

L ’ I  
0.5’ ’ ’ ’ ’ ’ ’ ’ ’ ‘ ’ 

0 50 100 150 200 250 300 350 400 450 500 
Number of Samples 

Figure 4. Convergence of the First Principal Eigenvector 
of A by the Sanger’s Algorithm (I), Gradient Ascent 
Algorithm (6) and the New Newton Rhapson Algorithm 
(13) with qk“ 1/( 100+k) for the Sanger’s and the Gradient 
Ascent Algorithms. 

4.2 Experiments with Signal Data 
We selected an example of digital mobile communications 
to enhance a signal with respect to noise. The signal from 
the user is received by 8 antennas and sampled at 0.5 
microsecond interval. This produces a data vector xk of 
dimension 8. The solution consists of adaptively 
computing of the principal eigenvector of the signal 
correlation matrix A. This vector forms the weights of a 
transversal filter that enhances the signal with respect to 
noise. 

1 r-“ -*- - 

0.2 I I 

Figure 5.  Convergence of the First Principal Eigenvector 
of the Signal Correlation Matrix A by the Sanger’s Alg. 
(l), Gradient Ascent Algorithm (6), the New Conjugate 
Direction Algorithm (lo), and the New Newton-Rhapson 

50 100 150 200 250 
Number of Samples 

Algorithm (13) with qk=l/(lOO+k) for the Sanger’s and 
the Gradient Ascent Algorithms. 

The signal consists of 250 sample vectors xk. The 
correlation matrix A is computed by averaging all 250 
xkxi . The eigenvalues of A are 

2.5320 2.1226 1.2384 0.9574 0.6088 0.3625 0.1493. 
The observation matrices A, are generated by algorithm 
(19) with yk=l/k. We use the four algorithms ( l ) ,  (6), (10) 
and (13) to adaptively compute the principal eigenvector 
of A. The results of this experiment are shown in Figure 
5.  

Once again, the new conjugate direction algorithm (10) 
and the new Newton-Rhapson algorithm (13) converges 
faster than the Sanger’s algorithm (1) and the gradient 
ascent algorithm (6). 
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