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Abstract 

The key result in this paper is an efficient algorithm 
for solving the following geometrical problem: given 
a set of points in a 2-dimensional grid; find a set of 
non-intersecting straight lines such that every line 
starts at a point and connects it to one of the bound- 
aries of the grid. The algorithm presented here has 
quadratic (in the number of points) time complexity 
and is the first known polynomial time algorithm for 
this problem. Geometrical problems of this nature 
arise in the study of reconfigurable processor arrays, 
and the efficient algorithms developed in this paper 
can be used instead of the algorithms, based on ex- 
haustive searches, that have been proposed in the 
literature. 

1 Introduction 

1.1 Motivation-Reconfigurable 
VLSI/WSI Arrays 

The combinatorial problems to be discussed in this 
paper can be motivated in the context of develop- 
ing efficient algorithms for reconfiguring processor 
arrays in the presence of faulty processors. Such 
studies of reconfigurable arrays are important in 

*with the Information Systems Laboratory, Stanford Uni- 
versity, CA, 94305, and the work was supported in part by 
the SDIO/IST, managed by the Army Research Office under 
Contract DAAL03-87-K-0033, and the U. S. Army Research 
Office under Contract DAAL03-86-K-0045. 

**with the IBM Almaden Research Center, 650 Harry 
Road, San Jose, CA, 95120-6099. 

the case of Wafer Scale Integration (WSI) technol- 
ogy where for example, a large number of proces- 
sors, configured in the form of a grid, can be put 
on a single wafer. Due to yield problems, some of 
the processors are invariably going to be faulty. In 
such a case, instead of treating the whole wafer as 
defective, one can work around the faulty proces- 
sors and reconfigure the rest in the form of a grid. 
Thus, reconfiguration methodologies can be viewed 
as possible tools to increase the effective yield of the 
processing technology. 

The reconfiguration strategies are dependent on 
the available hardware resources, such as the num- 
ber of spare Processing Elements (PEs), the capa- 
bility of switches, and the number of data tracks 
allowed along every grid line (also referred to as the 
channel width). In this paper we shall discuss recon- 
figuration strategies when the hardware resources 
are fixed; we should note here that other researchers 
[l], [5] have addressed the issue of designing ‘good’ 
algorithms that can almost surely (under the as- 

sumption that processors fail randomly and inde- 
pendently) connect all the non-faulty processors in 
the form of a grid. The general problem in our case 
is however deterministic, and can be described as 
follows. Given an m x n array of non-spare PEs, 
some spare PEs, a fixed channel width, and a fixed 
number of routing switches that are distributed in 
a pre-determined fashion in the array: if some of 
the non-spare PEs are faulty, then can the array be 
reconfigured to replace the faulty PEs? 

A particularly simple but useful model is an array 
grid model based on single-track switches (see Fig. 
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I) that has been studied in [4]. Other models based 
on multiple-track switches are discussed in [6], [7]. 
The single-track model consists of an m x 7~ array 
of PEs, double-row-column of spare PEs, and sin- 
gle track switches; the allowed states of the switches 
are also shown in Fig. 1. The model is single-track 
in the sense that only one communication path is 
allowed along each horizontal/vertical channel. It 
is further assumed in the model that a faulty PE 
can be converted into a connecting element. The 
single-track switch model’s advantages arise from 
its inherent simplicity: since data paths take up sig- 
nificant amount of area on a wafer/chip, consider- 
able saving in area is achieved by allowing only one 
data path along every grid line; moreover, the sim- 
plicity of the switches makes the routing hardware 
more reliable. Furthermore, extensive simulations 
reported in [4] show that considerable enhancement 
in yield can be achieved by reconfiguring the array 
grid models with single-track switches. 

Now for the single-track model, a set of sufficient 
conditions (stated in the form of a so-called reconfig- 
urubility theorem presented below) has been derived 
(see [4]) for determining whether an array with a 
particular distribution of faulty processors is recopz- 
figurable; where, a given array is reconfigurable if 
the non-faulty processors can be connected to form 
an m x it array. The sufficient conditions in the 
reconfigurability theorem can be simply stated in 
terms of the so-called compensation paths. Let a 
non-spare PE at, location (z, y) be faulty, then in 
any valid reconfiguration it has to be replaced by 
a healthy processor. Let the faulty PE at (x, y) be 
replaced by a healthy PE, say at location (CC’, y’), 
which in turn is replaced by a healthy PE, say at 
location (zI?‘,~“); one can continue this chain until 
one ends up at a spare PE. A compensation path 
can then be defined as the ordered sequence of nodes 
(5, y), (~9, y’), (x”, y”), - * -, involved in the replace- 
ment chain. The so-called reconfigurability theorem 
(for a formal proof, see [4]) can now be stated as fol- 
lows: 
Reconfigurability Theorem: Given an m x n 
array of non-spare PEs, with spare PEs along the 
sides, it is reconfigurable into an m x n array 
of healthy processors by single-track switches if 1) 
there exists a set of continuous and straight compen- 
sation paths covering all the faulty non-spare PEs 
and 2) there is neither intersection or near-miss 

among the compensation paths. 
A near-miss situation occurs if two compensation 
paths in neighboring rows (columns) overlap and 
are in opposite directions. It should be mentioned 
here that we are able to show that the above con- 
ditions are not necessary; this corrects a false claim 
made in [3]. 

In [4] an algorithm to determine valid reconfigu- 
rations that satisfy the conditions in the reconfig- 
urability theorem is also presented. The algorithm 
is developed by reformulating the reconfigurability 
problem as a maximum independent set problem, 
and then adapting a well known algorithm for de- 
termining maximum independent sets in a graph. 
However, the maximum independent set problem is 
NP-complete and the best known algorithms take 
exponential time; hence, the algorithm presented 
in [4J has exponential complexity. The question 
whether efficient polynomial time algorithms 
exist was left as an open one. 

If for the moment we relax the restriction of no 
near-misses, then the sufficient conditions discussed 
above reduce to the purely combinatorial problem 
stated in Problem 1 below. We show in this paper 
how to construct a polynomial time algorithm to 
solve Problem 1. We are then able to show that the 
algorithms developed without accounting for near- 
misses can be adapted to do so (the details can be 
found in the full paper). 

The rest of the paper is organized as follows. In 
Section 1.2 we shall provide a formal definition of 
the combinatorial problem. Section 2 describes a 
poIynomia1 time algorithm for solving ProbIem 1. 
Finally in Section 3 we shall briefly mention other 
related combinatorial problems and our efficient so- 
lutions. These related combinatorial problems can 
be shown to arise naturally in the context of re- 
configuration, when one allows multiple data tracks 
along every grid line. 

1.2 The Combinatorial Problem 

Our combinatorial problem can be stated as follows: 

Problem 1 Let V be the set of grid points in an 
m x n Z-dimensional grid, and let F c V. Deter- 
mine a set of straight lines such that 

1. Each vertex v E F is assigned a straight line 
connecting it to one of the four boundaries of 
the grid, 
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2. 

We 

1. 

2. 

The straight lines are non-intersecting. 

can make the following observations: 

If there is a row (column) in the grid that 
contains none of the vertices in F, then it is 
clear from the definition of our problem that 
the row (column) has no role in searching for a 
valid assignment of line segments. Hence, with- 
out loss of generality, we can delete such rows 
(columns) from the description of our problem 
and assume that 1 5 m, n 5 IFI. 

Each vertex v E F can be assigned to at most 
one of four possible line segments, where each 
segment is along one of the four grid lines in- 
tersecting at 2). Hence, instead of talking in 
terms of assigning line segments we can talk in 
terms of assigning directions, e.g. , assigning 
a segment that connects a vertex v to the left 
side of the grid, can be interpreted as assigning 
the direction Left to the node V. In the rest of 
this paper we shall interchangeably use the two 
equivalent descriptions. 

Definition 1 An assignment for Problem 1 is a 
mapping of every node in the set F to the set of four 
possible directions D = {Left, Right, Up, Down). 
An assignment is a valid assignment if the corre- 
sponding line segments do not intersect. 

Definition 2 A direction d is said to be a valid 
direction for a node v E F if there is a valid as- 
signment in which v is mapped to d. 

The basic principle underlying our algorithm will 
be a greedy one, and we shall try to assign valid 
directions to nodes of F with only a minimal search. 
In particular, we are always able to find a node 
v E F for which we can assign a valid direction 
efficiently (in time at most linear in IFI). Thus, the 
total complexity of the algorithm will be at most 
quadratic in IFI. 

A greedy principle that will be used repeatedly 
in our algorithms is formalized by the following 
lemma. 

Lemma 1 If a node v E F can be assigned a di- 
rection, say d, that does not conflict with any di- 
rection that could possibly be assigned to the rest of 

the nodes in F, then it is suficient to just search 
for a valid assignment for the nodes in F - (v) and 
assign the direction d to v. 

A proof of the above lemma is quite obvious; how- 
ever, the underlying principle is very useful, i.e., if 
one can identify such a node v, then one can as- 
sign it a valid direction immediately without any 
further search. The algorithm can then remove the 
node and deal with a problem of a smaller size. The 
algorithms that we are going to develop utilize the 
geometry of the grid appropriately to identify such 
specialized nodes in a systematic manner. 

In case there are no nodes that can be assigned 
a direction using the above idea, then we are able 
to chose nodes appropriately such that they can be 
assigned a valid direction with only a linear search. 
The principles used are slightly more complicated; 
however, they use the structure of the grid and are 
also greedy in nature. The principles can be best 
explained by describing the individual algorithms. 

2 An Efficient Algorithm 
for finding Non-Intersecting 
Paths in a Grid 

2.1 Special Cases 

We are going to develop our algorithm by first con- 
sidering several special cases wherein the possible 
directions that can be assigned to the vertices in 
F are restricted. We shall then use the special 
cases appropriately to search for valid assignments, 
if there are any, in the case when all the four possi- 
ble directions are permitted. The four special cases 
are as follows: 

Case 1: The line segments assigned to the nodes 
in F, can be along only two directions, and the 
permitted directions are opposite to each other, 
e.g. , {Left, Right)(see Fig. 2); note that in 
the figures, a permissible direction is shown by 
drawing a line along the corresponding side). 

Case 2: The line segments assigned to the nodes 
in F can be along only two directions, and the 
permitted directions are at right angles, e.g. , 
{Left, Down}(see Fig. 3). 

456 



Case 3: The line segments assigned to the nodes 
in F, can be along only three directions, e.g. , 
(Left, Right, Up} (see Fig. 4). 

Case 4: The nodes in the grid are partitioned into 
three distinct regions, as shown in Fig. 5. In 
region A, there are three permissible directions 
(e.g. , {Left, Up, Right}), in region B, there are 
two permissible directions (e.g. ,{ Left, Right}) 
and in region C, there are three permissible 
directions (e.g. ,( Left, Down, Right}). 

Lemma 2 There is a: linear time algorithm for de- 
termining a valid assignment for Case 1. 

Proof: Let us consider, without loss of gener- 
ality, the case when the permissible directions are 
Left and Right. It is clear that for the case under 
consideration, a valid assignment exists if and only 
if every row contains two or less nodes belonging to 
F. Thus a linear time algorithm can be designed by 
sequentially examining the rows from top to bottom 
until either a row containing three or more nodes in 
F is detected (in which case no valid assignment ex- 
ists) or all the rows are examined. q 

Lemma 3 There is a linear time algorithm for de- 
termining a valid assignment for Case 2. 

Proof: Without loss of generality, let us assume 
that the permissible directions are Left and Down 
(see Fig. 3). An algorithm for determining a valid 
assignment can be described as follows: 

Sequentially examine the rows of the grid starting 
with the bottom-most row. If it is possible then for 
every node v E F in the row assign the direction 
Down. Thus, there are two cases 

1. All nodes in the row can be assigned the direc- 
tion Down; in which case go over to the upper 
row and repeat the procedure. 

2. There is a node 5 E F that cannot be assigned 
the direction Down; note that this can happen 
only if there is another node in F that is in the 
same column as 2 but in a row that has already 
been examined. Try to assign the direction Left 
to the node z, if it cannot be done then there 
is no valid assignment. 

If x can be assigned the direction Left, then as 
shown in Fig. 3, the unexamined region of the 
grid is divided into two distinct regions namely 
A and B. Assign all the nodes in region A the 
direction Left; if it is not possible to do so then 
there is no valid assignment. If the nodes in 
region A are all successfully assigned the direc- 
tion Left, then go over to the next row in the 
region B and repeat the procedure described 
till now. 

The above algorithm visits every node exactly once; 
hence it is of linear complexity. The correctness 
of the above algorithm can be proved by justifying 
each step of the algorithm. q 

Lemma 4 There is a linear time algorithm for de- 
termining a valid assignment in Case 3. 

Proof: Without loss of generality, let us consider 
an instance of Case 3 as shown in Fig. 4, where the 
permitted directions are Left, Right and Top. An 
algorithm for finding a valid assignment can be de- 
scribed as follows: 

Sequentially examine the rows of the grid starting 
with the bottom row of the grid. Depending on the 
number of nodes belonging to F in the row make 
the following assignments: 

1. If the row has only one node, then it is assigned 
either the direction Left or Right. 

2. If the row has two nodes, then the left node is 
assigned the direction Left and the right node 
the direction Right. 

3. If the row has three or more nodes then assign 
the left-most node the direction Left, the right- 
most node the direction Right and the nodes in 
the middle the direction Up. The rest of the 
grid now gets partitioned into several distinct 
regions as shown in Fig 4. The nodes in the 
inner regions have only one permissible direc- 
tion and hence they are assigned the direction 
Up. If such assignments lead to contradiction 

( i.e. , there are two nodes in the same column 
in one of these regions), then there is no valid 
assignment. 

Now, in each of the two outer regions, namely 
A and B, there are two permissible directions 
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that are at right angles. Hence, each such re- interfere with the rest. If the row under consid- 
gion can be tested for valid assignments by fol- eration has only one node from F in the region A, 
lowing the algorithm outlined in Lemma 3. then assign it the direction Lefi (justification follows 

The above algorithm visits every node only once 
and hence it is of linear complexity. Moreover, note 
that the above algorithm is a combination of the 
algorithms developed in Lemma 2 and Lemma 3. 
In particular, the algorithm follows the assignment 
procedure in Lemma 2 until it finds a row with three 
or more nodes of F, and from then on it follows the 
algorithm in Lemma 2. 0 

We should note here that the algorithms outlined 

example in Case 3, one can restrict possible assign- 
ments to a particular node in F by disallowing the 
a.ssignment of one of the feasible directions to it. A 
physical motivation behind such a restriction may 
be to indicate that the spare processor along the 
forbidden direction is itself faulty, and hence one 

in lemmas 2,3, and 4 (and the ones to be presented 
later in this section) can be easily adapted to work 
for restricted versions of the respective cases. For 

from Lemma 1). 
If, however, a row in region A (of Fig. 5) has two 

or more nodes, then the right-most node, say 2, 
has two directions (namely, Right and Up) that can 
be assigned to it. The algorithm checks for valid 
assignments by first assigning the direction Right 
to node 2, and then assigning the direction Up as 
follows: 

1. Assign x the direction Right; Fig. 6, shows 

region can be labeled as one of the cases that 

the partitioning of the grid under this assign- 
ment. The unassigned parts of the grid get par- 
titioned into 4 different regions and each such 

we have already discussed. For example, the 
region A has two permissible directions that 
are opposite to each other and hence can be 
searched for valid assignments using the algo- 
rithm discussed in Lemma 2. 

cannot allow a compensation path in that direction. 
There are several ways of adapting the above al- 

gorithms; however, a particularly simple one is de- 
scribed here. Without loss of generality, assume 
that the direction Left is disallowed for some node 
x E F; this restriction is meaningful only if there 
is no node to the left of x in the same row as x. 
In order to accommodate the restriction, augment 
the set F with a node y and place it in the same 
row as x, but on the extreme left edge of the grid 
in a newly added column. Now in the augmented 
problem, the direction Left is no longer feasible for 
2; moreover, since the node y is at the very edge 
of the grid, it can be always assigned the direction 
Left without affecting possible assignments to the 
rest of the nodes in F (see Lemma 1). 

Lemma 5 There is a linear time algorithm for de- 
termining a valid assignment in Case 4. 

However, consider the region D and C to- 
gether; the whole region can be treated as a 
restricted version of Case 3 discussed in Lemma 
4. It is restricted in the sense that for the nodes 
of F that are in the region C, the direction Up 
is disallowed. We have already discussed how 
to adapt algorithms to accommodate such re- 
strictions; hence, the combined region D and C 
can be searched for valid assignments by using 
the algorithm outlined in Lemma 4. Similarly, 
one can use the algorithm of Lemma 4 to search 
for valid assignments in the combined region A 
and B (see Fig. 6). 

2. If the result of the previous search is in negative 
then assign x the direction Up; Fig. 7, shows 
the resulting partitioning of the grid. The grid 
gets partitioned into six regions and each re- 
gion can be labeled by the case it corresponds 
to. For example, the region A has two permis- 
sible directions that are at right angles; hence 
it corresponds to Case 2. Similarly, the region 
C has only one permissible direction and hence 
all nodes in the region are assigned the direc- 
tion Right. 

Proof: Let us consider an instance of Case 4 
as shown in Fig. 5. An algorithm for determining 
valid assignments can be outlined as follows: 

Sequentially examine the rows of the grid and con- 
sider the nodes of F that are in the region A only. 
The motivation is the same as before: to identify 
nodes that can be assigned directions which do not 
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the corresponding algorithms (as shown in Fig. 

0 

Note that if none of the rows in the region A of 
Fig. 5 has more than one node belonging to F, then 
one can assign the direction Left to the nodes in the 
region A. One can then search for valid assignments 
in the regions B and C of Fig. 5, by combining the 
two regions and then treating the combined region 
as a restricted version of Case 3. 

In the above algorithm each node is visited at 
most twice and hence the algorithm is again of lin- 
ear complexity. El 

2.2 The General Case 

The algorithm for the general case where all the 
four directions are permitted can be described as a 
layer peeling algorithm . It starts with the outer- 
most rows and columns of the grid and determines 
valid directions for the nodes of F that are in these 
outer layers; it then performs the same operations 
on the inner layers. The algorithm can be discussed 
in two parts. 

2.2.1 Part 1 

In the first part of the algorithm, one attempts 
to determine valid directions using the principle of 
Lemma 1, and it can be described as follows: 

1. 

2. 

3. 

Sequentially examine the columns of the grid 
starting with the left-most column. Try to as- 
sign the direction Left to every node of F that is 
on the column under consideration. If all the 
nodes can be successfully assigned the direc- 
tion Left, then go to the next column. If there 
is a node that cannot be assigned the direction 
Left, then go to the next step. 

Sequentially examine the rows of the reduced 
grid (i.e. , the portion of the original grid that 
is unassigned in Step 1) starting with the top 
row. If possible, then assign to every node in 
the row under consideration the direction Up. 
If all nodes can be assigned the direction Up, 
then go to the next row, else go to the next 
step. 

Sequentially examine the columns of the re- 
duced grid (i.e. , the portion of the original 

4. 

5. 

grid that is unassigned after Steps 1 and 2) 
starting with the right-most column. If possi- 
ble, then assign to every node on the column 
the direction Right. If all nodes can be assigned 
the direction Right, then go to the next column, 
else go to the next step. 

Sequentially examine the rows of the reduced 
grid (i.e. , the portion of the original grid that 
is unassigned after Steps 1, 2 and 3) starting 
with the bottom. If possible, then assign to 
every node on the row the direction Down. If 
all nodes can be assigned the direction Down, 
then go to the next row, else go to the next 
step. 

After completion of the four steps, one has a re- 
duced grid which has been obtained by peeling 
off the outer layers of the original grid. Next, 
repeat the Steps 1 to 4, until the reduced grid 
is of the form shown in Fig. 8. In particular, 
each of the outer-most row and column of the 
reduced grid should have at least one node that 
is blocked on the outside. 

2.2.2 Part 2 

The next part of the algorithm determines valid 
directions for the nodes on the outer rows and 
columns of the grid shown in Fig. 8. The objec- 
tive is to show that we can determine such valid 
directions in linear time. 

Let us assume, without loss of generality that 
each of the outer-most rows and columns in the grid 
shown in Fig. 8, contains only one node of F; if an 
outer row or column contains more than one node 
then the search for valid directions is going to be 
simpler and we shall mention such simplifications 
later in this section. 

Let us consider the nodes x and y in Fig. 8; 
each node has at most three possible directions that 
can be assigned to it. It turns out that altogether 
there are seven possible ways in which x and y can 
be assigned directions (see Fig. 9), and one has 
to check for valid assignments under each of the 
assignments. However, for each of the first six cases, 
one can search for valid assignments in linear time 
by applying the algorithms developed for the special 
cases that were discussed previously; Fig. 9 shows 
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the different regions and the special case each such 
region corresponds to. 

The seventh case in Fig. 9, where the node x 
is assigned Left and the node y is assigned Right, 
can be further simplified (as shown in Fig. 10) by 
considering possible assignments to nodes w and Z. 
Each of the nodes w and z has only two permissible 
directions and they lead to four cases. Three of 
the cases can be searched for valid assignments in 
linear time by using the algorithms developed for 
the special cases. 

Thus, a complete algorithm for a systematic 
search of a valid assignment for the nodes in the 
outer layers of the grid shown in Fig. 8 can be sum- 
marized as follows. 

1. 

2. 

3. 

Use the algorithms developed for special cases 
to search for valid assignments in each of the 
first six configurations, which are illustrated in 
Fig. 9. If any of the searches finds a valid 
assignment for every node in the reduced grid 
then there is a successful solution to Problem 
1. 

Enumerate the seventh case as shown in Fig. 
10, and search for valid assignments for the first 
three enumerations. 

If every search in Steps 1 and 2 fails then assign 
directions to nodes x, y, w and z that are shown 
in Case 4 of Fig. 10, and go to the inner portion 
of the grid (i.e. , peel off the outer-most layer) 
and repeat Parts 1 and 2 for the new reduced 
grid obtained after peeling off the outer layers. 
The idea is the following: in Steps 1 and 2, we 
have checked all but one possible assignment to 
the nodes in the outer-most layer of the reduced 
grid. If none of these cases leads to a valid 
assignment for nodes of F that are in the grid, 
then for a valid assignment to exist the last 
possible assignment (i.e. , Case 4 in Fig. 10) is 
the only candidate. 

We can make the following remarks about the pro- 
cedure discussed so far: 

1. Until now we have assumed that every outer- 
most row or column in the reduced grid shown 
in Fig. 8 has only one node. Consider, how- 
ever, the case where in addition to x, there are 
other nodes in the upper outer-most row of the 

grid. This would imply that the possible direc- 
tions that could be assigned to x are restricted 
and some of the cases shown in Fig. 9 are not 
valid. Hence, the search for valid assignments 
becomes simpler. The same comment holds if 
all the four nodes (i.e. , x, y, w, and .z) are 
not distinct. 

2. The relative positioning of the nodes w and z 
in Fig. 8 has also been chosen to illustrate the 
worst case situation. Consider for example, the 
case where the node z is located lower than w. 
One can then easily show that even Case 4 of 
Fig. 10 can be searched for valid assignments 
by utilizing the algorithm for the Special Case 
4, that was discussed in Section 2.1. 

Theorem 1 There is a qzladrutic time algorithm 

Kw12u f d t or e ermining if there exists a valid as- 
signment for Problem 1. 

Proof: Follows directly from the description of 
Parts 1 and 2 of the algorithm. To decide on valid 
directions for nodes lying on the outer-most layers 
of the grid, one needs at most O(lFI) time. Since 
there are at most F such layers in the grid, the com- 
plexity of the algorithm is 0( lF12). cl 

We should mention here that efficient data struc- 
tures can be easily designed to implement all the 
algorithms described in this section in the claimed 
time complexities. One way of implementing the 
algorithms would be to bucket-sort the points in F 
according to their row and column numbers. 

3 Concluding Remarks 

In this paper, we have developed a polynomial time 
algorithm for determining a set of non-intersecting 
straight lines that connect every point in a given set 
to one of the boundaries of a grid. 
A few remarks. 

1. Determining the Maximum in Problem 
1: Our algorithm for solving Problem 1, pre- 
sented in this paper, determines whether all 
the nodes in F can have valid assignments. 
We have also developed a polynomial time al- 
gorithm (of complexity O(IF13.510g IF/)) for 
determining the maximum number of 
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2. 

nodes in F that can be simultaneously as- 
signed non-intersecting line segments. The al- 
gorithm uses the geometric approach developed 
in this paper, and utilizes some results reported 
in [2] about efficient algorithms for determin- 
ing maximum matching in bipartite intersec- 
tion graphs. 

Non-intersecting Crooked Paths: We 
can show that for multiple-track models the 
compensation paths need not be straight any 
more and can have bends. Hence, the sufficient 
conditions for reconfigurability in the multiple- 
track models get related to the following geo- 
metrical problem: given a set of points in a 2- 
dimensional grid; find a set of non-intersecting 
paths such that every path starts at one of 
the given points and connects it to a distinct 
boundary-node of the grid. We are able to 
show that this combinatorial problem can be 
solved by reducing it to a MAX-FLOW prob- 
lem on the grid, where every node and edge has 
unit capacity. 
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