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§

We study robustness of bipartite entangled states that are positive under partial transposition

(PPT). It is shown that almost all PPT entangled states are unonditionally robust, in the sense,

both inseparability and positivity are preserved under su�iently small perturbations in its imme-

diate neighborhood. Suh unonditionally robust PPT entangled states lie inside an open PPT

entangled ball. We onstrut examples of suh balls whose radii are shown to be �nite and an

be expliitly alulated. This provides a lower bound on the volume of all PPT entangled states.

Multipartite generalization of our onstrutions are also outlined.

I. INTRODUCTION

Robustness of an entangled quantum state quanti�es its ability to remain inseparable/entangled in the presene of

deoherene� that is, how muh noise an be added before the entangled state beomes separable [1℄-[7℄. Reently it was

shown that weakly entangled states are dense and robust, and in partiular, bound entangled states onstruted from

an unextendible produt basis (UPB) [11℄ are onditionally robust, in the sense that su�iently small perturbations

along ertain diretions preserve both inseparability and the positivity under partial transposition (PPT) properties

[22℄. While this is a signi�ant result, robustness of generi bound entangled states [8℄ (bound entangled states are

assumed to be PPT unless otherwise stated) , i.e., preservation of their (a) inseparability and (b) positivity under

partial transposition, in their immediate neighborhood under su�iently small perturbation, is not well understood.

Consider a bipartite quantum system AB, desribed by the joint Hilbert spae H = HA ⊗HB, an inseparable PPT

density matrix ρ ∈ H, an arbitrary perturbation of ρ:

ρ′ =
1

1 + ǫ
(ρ+ ǫσ) (1)

where σ is any other density matrix and ǫ > 0 is an in�nitesimal noise parameter. We say that ρ is unonditionally

robust if and only if it is always inside a PPT ball, that is, for any su�iently small perturbation along an arbitrary

diretion the state remains PPT, and inseparable.

The question, whether a given bound entangled state is unonditional robust, is a non-trivial one. If we hoose σ in

the above equation to be a PPT state, then although PPT property is surely preserved for any hoie of ǫ, it doesn't
guarantee that the perturbed state remains inseparable. On the other hand, if σ is hosen to be an entangled state

with a non-positive spetrum under partial transposition (NPT), then it is possible that the perturbed state beomes

distillable for any hoie of ǫ., thereby losing the PPT property. In fat suh examples have been found, although in

a di�erent ontext [10℄.

We prove that any PPT entangled state is either inside or on the surfae of a losed PPT entangled ball. Thus, almost

all PPT entangled states are unonditionally robust, and those on the surfae of suh balls are onditionally robust.

The radius of suh a PPT entangled ball may be suitably de�ned using an appropriate distane measure (trae norm
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or Bures norm or Hilbert-Shmidt norm) between the entre-of-the-ball-state and the states that are on the surfae

of the ball. A orollary of the above result is that almost all PPT states are unonditionally robust.

We provide examples where the radius of PPT entangled balls, onstruted in the neighbourhood of bound entangled

states from an unextendible produt basis [11℄ (suh bound entangled states are denoted by BE-UPB), are shown to

be �nite and an be expliitly alulated.

Moreover, we show that bound entangled states an also be maximally robust in ertain diretions. That is, one an

mix a bound entangled state with ertain produt states, suh that the mixture remains bound entangled as long as

the proportion of the bound entangled state is non-zero.

Finally, we prove that for every BE-UPB state (i.e., an edge BE state [13℄), there is a region suh that a mixture (the

oe�ients of suh a mixture is bounded) of an BE-UPB state with any separable state is bound entangled inside the

region. This may be onsidered as dual to the result�every PPT entangled state an be expressed as a mixture of a

separable state with an edge PPT entangled state�obtained in Ref. [13℄.

II. BACKGROUND

Consider a bipartite quantum system AB, desribed by the joint Hilbert spae H = HA ⊗HB, where dimensions of

HA,HB are d1, d2 respetively. Let D be the set of density matries of the system AB, and B be the set of linear

operators on H. Thus D is a onvex subset of the (d1d2)
2
-dimensional spae B. Let S be the set of all separable

states. Thus S is a onvex as well as ompat (with respet to usual metris like trae norm, or Hilbert-Shmidt

norm, et.) subset of D.

Let {|i〉A : i = 1, 2, . . . , d1}, {|j〉B : j = 1, 2, . . . , d2} be the standard orthonormal basis of HA, HB respetively.

The partial transpose ρTB
of any ρ ∈ D (de�ned with respet to the standard orthonormal produt basis

{|i〉A ⊗ |j〉B : i = 1, 2, . . . , d1; j = 1, 2, . . . , d2} of H), is given by

B〈j| ⊗B 〈i|ρTB |i′〉A ⊗ |j′〉B ≡ B〈j
′| ⊗B 〈i|ρ|i′〉A ⊗ |j〉B (2)

for all i, i′ ∈ {1, 2, . . . , d1} and for all j, j′ ∈ {1, 2, . . . , d2}. Let P be the set of all elements ρ of D, suh that ρTB ≥ 0.
Thus S is a proper subset of P whenever d1d2 ≥ 8.

Throughout this paper we will extensively use the theory of entanglement witness. Here we provide a brief review

of the pertinent results. We begin with the de�nition of entanglement witness [12, 20, 21℄ and disuss some of its

properties.

De�nition 1 (Entanglement Witness) An entanglement witness W is a member of B suh that

(i) W = W †
,

(ii) Tr(Wσ) ≥ 0 for all σ ∈ S,

(iii) there exists at least one entangled state ρ of AB suh that Tr(Wρ) < 0, and

(iv) Tr(W ) = 1 [14℄.

If W is an entanglement witness and ρ is an entangled state suh that Tr(Wρ) < 0, then we say W witnesses (or

detets) the entanglement in ρ. For eah entanglement witness W , one an write the spetral deomposition as:

W =

p
∑

i=1

λ+
i |e

+
i 〉〈e

+
i | −

n
∑

j=1

λ−j |e−j 〉〈e
−
j |, (3)

where λ+
i 's are positive eigenvalues of W with orresponding eigenvetors |e+i 〉 for i = 1, 2, . . . , p (p a positive integer)

and −λ−j 's are negative eigenvalues ofW with orresponding eigenvetors |e−j 〉 for j = 1, 2, . . . , n (n a positive integer).

Thus W = W+ −W−
and

Tr(W ) = Tr(W+) − Tr(W−)

=

p
∑

i=1

λ+
i −

n
∑

j=1

λ−j = 1. (4)
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For all density matries π ∈ D,

− Tr(W−) ≤ Tr(Wπ) ≤ Tr(W+). (5)

W+
is therefore alled the positive part of W and W−

is alled the negative part of W . Note that both p, n ≥ 1 and

the n dimensional subspae spanned by the eigenvetors |e−j 〉 for j = 1, 2, . . . , n, ontains no produt state.

Lemma 1 [13, 20℄ Let ρ be any given entangled state in HA ⊗HB, where dim HA = d1, dim HB = d2, and d1d2 ≥ 8.
There exists an entanglement witness Wρ suh that

(i) Tr(Wρρ) < 0, and

(ii) there also exists a separable state σρ suh that Tr (Wρσρ) = 0.

Let ρ be any state of AB, taken from (P − S). Let Wρ be the olletion of all entanglement witnesses suh that

Tr(Wρ) < 0,W ∈ Wρ. Wρ is a non-empty subset of B as for eah entangled state ρ ∈ D there exists at least one

entanglement witness [16℄. For eah W ∈ Wρ, let D
w

be the set of all entangled density matries of AB, whose
inseparability is witnessed byW . For two entanglement witnesses W1,W2 ∈ W ,W2 is said to be �ner than W1 if D

w1

is a subset of D
w2

. An element Wρ ∈ Wρ is an optimal entanglement witness [13℄ for ρ if there is no W ∈ Wρ whih

is �ner than Wρ.

De�nition 2 (Edge state) An element δ ∈ (P − S) is said to be an edge state if there is no produt state

|ψ〉A〈ψ| ⊗ |φ〉B〈φ| ∈ S and there is a positive number ǫ suh that δ − ǫ|ψ〉A〈ψ| ⊗ |φ〉B〈φ| is a positive operator on

HA ⊗HB or is positive under partial transposition or both[12, 13℄.

It was shown in [13℄ that for any ρ ∈ (P −S), there exist an element σ ∈ S, an edge state δ ∈ (P −S), and a number

Λ ∈ [0, 1] suh that ρ = Λσ + (1 − Λ)δ, and for �xed δ, this representation is optimal (in the sense that one annot

inrease Λ by subtrating a non-zero fator of the projetor of a produt state from δ). Thus by hoosing the �nearest�
[17℄ separable state σρ (of ρ), one an expet to selet an edge state δρ ∈ (P − S) suh that ρ = Λρσρ + (1 − Λρ) δρ,
where Λρ is the largest ahievable value. Note that the BE-UPB states [11℄ are the edge states.

III. RESULTS

This setion is arranged as follows: We �rst introdue the neessary de�nitions and then prove the results on unon-

ditional robustness of PPT entangled states

De�nition 3 (Non-empty ball around a density matrix)

For any ρ ∈ D and any λ ∈ (0, 1], a non-empty ball B(ρ;λ) of radius λ around ρ is de�ned as B(ρ;λ) =
{µρ′ + (1 − µ)ρ : ρ′ ∈ D and 0 ≤ µ < λ}.

De�nition 4 (neighbourhood robustness)

A PPT entangled state ρ ∈ D is

(i) maximally robust if there exists a member σ ∈ D suh that xσ+(1−x)ρ is a PPT entangled state for all x ∈ [0, 1[.

(ii) robust relative [1℄ to T if there exist a non-empty subset T of D and an element z0 ∈ ]0, 1[ suh that the states

zσ + (1 − z)ρ are PPT bound entangled for all σ ∈ T and for all z ∈ [0, z0[,

(iii) unonditionally robust if there exists a non-empty ball B(ρ;λ) ontaining only PPT entangled states,

Lemma 2 B(I/D; 1/(D − 1)) is a separable ball.

Proof. In Ref. [18℄ it was shown that ρ ∈ D is separable if its purity, i.e., Tr

(

ρ2
)

, is less than

1
D−1 , where D = d1d2.

Applying this to an arbitrary element ρµ ≡ µρ′ + (1 − µ) I
D of B(I/D;λ), it follows that ρµ is separable if

Tr(ρ2
µ) =

1

D
+ µ2

(

Tr

(

ρ′
2
)

−
1

D

)

<
1

D − 1
(6)

for all elements ρ′ of D. Thus

1
D + µ2

(

1 − 1
D

)

must be less than

1
D−1 , i.e., µ <

1
D−1 . Hene, every element of the

ball B(I/D; 1/(D − 1)) is separable [19℄. �

De�nition 5 (ut one) Let ρ ∈ (P − S). Consider the one KS ≡ {µσ + (1 − µ)ρ : 0 ≤ µ ≤ 1 and σ ∈ S}. Let

λ ∈ ]0, 1]. Then the set KS

⋂

B(ρ;λ) is alled the ut one of height λ, with vertex at ρ and is denoted by KS(ρ;λ).
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A. Constrution of a lass of PPT entangled states

Let ρ be any given element of (P −S). Then from part (i) of Lemma 1, there exists an entanglement witness Wρ suh

that Tr (Wρρ) = −λρ, De�ne the following family of states:

Fρ =

{

ρx ∈ D : ρx = xρ+ (1 − x)
I

D

and 0 ≤ x ≤ 1

}

, (7)

subset of P . Now,

Tr (Wρρx) =
1

D
− x

(

1

D
+ λρ

)

< 0, ∀x ∈ ]
1

(1 +Dλρ)
, 1]. (8)

Thus,

ρx ∈ (P − S)∀x ∈ ]
1

1 +Dλρ
, 1]. (9)

Consider the following subfamily of Fρ:

F1/(1+Dλρ)
ρ =

{

ρx ∈ Fρ :
1

1 +Dλρ
< x ≤ 1

}

. (10)

Thus all elements of F
1/(1+Dλρ)
ρ are PPT entangled states.

B. Unonditional Robustness

We now selet an arbitrary element ρx ∈ F
1/(1+Dλρ)
ρ and onstrut the following family of density matries

Gρ,1/(1+Dλρ) =
{

τ(ρ, σ, x, y) ∈ D : τ(ρ, σ, x, y) = yσ + (1 − y)ρx, for ρx ∈ F1/(1+Dλρ)
ρ , σ ∈ D, y ∈ [0, 1)

}

. (11)

For any τ(ρ, σ, x, y) ∈ Gρ,1/(1+Dλρ), we have

τ(ρ, σ, x, y) = (1 − s(x, y))

{

t(x, y)σ + (1 − t(x, y))
I

D

}

+ s(x, y)ρ, (12)

where

s(x, y) = 1 − x(1 − y) (13)

t(x, y) = y/s(x, y) (14)

for (x, y) ∈ ]1/(1 +Dλρ), 1] × [0, 1[.

The funtion t(x, y) is well-de�ned only for (x, y) ∈ ]1/(1 +Dλρ), 1[×[0, 1[, and in that ase, the range of t(x, y) is
[0, 1[. Also the range of s(x, y) is ]0, 1[ whenever (x, y) ∈ ]1/(1 + Dλρ), 1[×[0, 1[. From a result in [18℄, it follows

that the density matrix t(x, y)σ + (1 − t(x, y)) I
D is separable for all σ ∈ D provided t(x, y) < 1/(D − 1), i.e.,

y ∈ [0, (1 − x)/(D − 1 − x)[ whenever x ∈]1/(1 +Dλρ), 1[. Thus τ(ρ, σ, x, y), given in eqn. (12), is PPT for all σ ∈ D
suh that y ∈ [0, (1 − x)/(D − 1 − x)[ whenever x ∈ ]1/(1 +Dλρ), 1[. Now

Tr (Wρτ(ρ, σ, x, y)) = y

{

Tr (Wρσ) +
x (1 +Dλρ) − 1

D

}

−
x (1 +Dλρ) − 1

D

= yTr (Wρσ) − (1 − y)
x (1 +Dλρ) − 1

D
. (15)

We have

Tr (Wρσ) +
x (1 +Dλρ) − 1

D
≤

1

p(Wρ)
Tr

(

W+
ρ

)

+
x (1 +Dλρ) − 1

D
, (16)
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for all σ ∈ D whereW+
ρ is the positive part of Wρ. Thus, for all σ ∈ D, τ(ρ, σ, x, y) is a PPT entangled state provided

x ∈ ]1/(1 +Dλρ), 1[ and y ∈ [0, y0(x)[ where

y0(x) = min

{

1 − x

D − 1 − x
,

p(Wρ) {x (1 +Dλρ) − 1}

D Tr

(

W+
ρ

)

+ p(Wρ) {x (1 +Dλρ) − 1}

}

. (17)

We an therefore state,

Theorem 1 (unonditional robustness) For any PPT bound entangled state ρ and for eah x ∈]1/(1 +Dλρ), 1[,
the ball B(ρx; y0(x)) ontains only PPT entangled states, where y0(x) is given in equation (17); λρ is a positive

number where Tr (Wρρ) = −λρ.

Remark 2 Eah member of the set

F̃1/(1+Dλρ)
ρ =

(

F1/(1+Dλρ)
ρ − {ρ}

)

(18)

is an unonditionally robust PPT entangled state. Also y0(x) (given in eqn. (17)) provides a lower bound on the

maximum size of the ball (ontaining only PPT bound entangled states) around ρx for eah x ∈ ]1/(1+Dλρ), 1[. The
largest range of x an be obtained by taking the maximum possible value of λρ (for example, as given in Lemma 1).

However x annot be arbitrarily lose to 0, as for all suh x, ρx must be separable [18℄. Indeed

1
1+Dλρ

≥ 1
D−1 , i.e.,

λρ ≤ (1 − 2
D ). Let us also note that the above result is onsistent with the argument presented in [9℄ that the set of

PPT entangled states inludes a non-empty ball.

Theorem 2 For every PPT entangled state ρ, there is always a non empty PPT entangled ball of �nite radius in its

neighbourhood. Thus almost all PPT entangled states are unonditionally robust.

Denoting the ball B(ρx; y0(x)) in Theorem 1, as B(ρx; yopt(x)) where we have assumed that the entanglement witness

onsidered in deriving the value of y0(x), is an optimal entanglement witness Wopt and λopt = − Tr (Woptρ), onsider
the following non-empty subset of (P − S):

NPPTBE =
⋃

ρ∈(P−S)

⋃

x∈]1/(1+Dλopt),1[
B (ρx; yopt(x)) . (19)

It seems that NPPTBE is a proper subset of (P − S) as it appears that (in partiular) the edge states of (P − S)
should not have unonditional robustness properties.

IV. NEIGHBOURHOOD ROBUSTNESS OF BOUND ENTANGLED STATES FROM AN

UNEXTENDIBLE PRODUCT BASIS

In what follows we illustrate all the above-mentioned properties onsidering only bound entangled states generated

from an unextendible produt basis (UPB) [11℄, onstrut a PPT entangled ball whose radius an be expliitly

found, and use these results to obtain a lower bound on the volume of PPT entangled states. We further note that

entanglement

A. Bound entangled states from an UPB and entanglement witness [11, 21℄

We begin with the de�nition of bound entangled states onstruted from an UPB.

LetH be a �nite dimensional Hilbert spae of the formHA⊗HB. For simpliity we assume that dimHA = dimHB = d.
Let S =

{

|ωi〉 = |ψA
i 〉 ⊗ |ϕB

i 〉
}n

i=1
be an UPB with ardinality |S| = n. Let the projetor on HS (the subspae spanned

by the UPB), be denoted by PS =
n
∑

i=1

|ωi〉 〈ωi| .

Lemma 3 [11℄ Let P⊥
S be the projetor on H⊥

S (the subspae orthogonal to HS). Then, the state

Ω =
1

d2 − n
(I − PS) =

P⊥
S

d2 − n
, , (20)
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where D = d2, is PPT entangled.

The state Ω is the bound entangled state generated from UPB and will be referred to as the BE-UPB state. In [21℄,

the following result was proved:

Lemma 4 Let S =
{

|ωi〉 = |ψA
i 〉 ⊗ |ϕB

i 〉
}n

i=1
be an UPB. Then

λ = min
n
∑

i=1

〈φAφB |ωi〉 〈ωi|φAφB〉 = min
n
∑

i=1

∣

∣

〈

φA|ψ
A
i

〉
∣

∣

2 ∣

∣

〈

φB |ϕB
i

〉
∣

∣

2
(21)

over all pure states |φA〉 ∈ HA, |φB〉 ∈ HB exists and is stritly larger than 0.

It was also shown in [21℄ that in many ases where UPB states have onsiderable symmetry, λ an be expliitly

alulated.

One an aordingly de�ne the entanglement witness operator unnormalized) that detets UPB-BE states:

W = PS − λI (22)

First of all note that the operator is Hermitian. Next for any produt state |φA, φB〉 ∈ H, 〈φA, φB|W |φA, φB〉 ≥ 0
where the equality is ahieved by the produt state for whih 〈φA, φB|PS |φA, φB〉 = λ and from Lemma 4 we know

suh a produt state exists. So, for any onvex ombination of projetors on these later produt states (let σΩ be one

suh onvex ombination), we have Tr (WσΩ) = 0 and for all separable states σ, Tr(Wσ) ≥ 0. One an trivially hek

that Tr(WΩ) = −λ < 0. Note that Tr(W ) = n− λd2
, and hene, we must have λ < n/d2

.

B. PPT entangled balls whose radii an be expliitly alulated and a lower bound on the volume of PPT

entangled states

From now on, we shall onsider the normalized entanglement witness

WΩ =
W

n− λd2
. (23)

The witness operator WΩ an also detet a large lass of other bound entangled states onstruted from UPBs and

in partiular the bound entangled states that satisfy the range riterion besides having less than full rank [6℄.

Notation-wise,

λΩ ≡ − Tr (WΩΩ) = λ/(n− λd2) (24)

p(WΩ) = n (25)

1

1 +Dλρ
= 1 −

λd2

n
(26)

Tr(W+
Ω ) =

n(1 − λ)

n− λd2
(27)

Thus all the states,

Ωx = xΩ + (1 − x)(I/d2) ∈ F
(1−λd2/n)
Ω , (28)

(see eqn. (10)) are PPT entangled for x ∈
(

1 − λd2

n , 1
]

. Now for the following family of states (see eqn. (11))

τ(Ω, σ, x, y) ≡ yσ + (1 − y)Ωx, (29)

we have (using eqn. (17))

y0(x) = min

{

1 − x

d2 − 1 − x
, 1 −

(1 − λ)d2

nx+ d2 − n

}

, where x ∈

(

1 −
λd2

n
, 1

]

. (30)
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Thus we see that for eah PPT-BE state Ωx ∈ F̃
(1−λd2/n)
Ω (see eqn. (18)), there exists a ball B(Ωx; y0(x)) that ontains

only PPT-BE states, where

y0(x) =

{

1−x
d2−1−x for all x ∈

]

1 − λd2

n , x0

[

,

nx−n+λd2

nx−n+d2 for all x ∈ [x0, 1[ ,
(31)

where

x0 =
n(d2 − 2) + d2{1 − λ(d2 − 1)}

n(d2 − 2)d2(1 − λ)
. (32)

Thus y0(x) in eqn. (31) an be expliitly alulated for those ases of UPB-BE states Ω where λ an be expliitly

obtained [21℄. We therefore have the following result:

Theorem 3 For any PPT-BE state Ω orresponding to the UPB S =
{

|ωi〉 = |ψA
i 〉 ⊗ |ϕB

i 〉
}n

i=1
in d⊗ d, the PPT-BE

states

Ωx = xΩ + (1 − x)(I/d2) (33)

where 1 − λd2

n < x < 1, are unonditionally robust.

Given any non-empty subset T of D, the volume |T | of T is de�ned as the probability of randomly seleting an

element of D from T . From theorem 5, one an have the following result regarding lower bounds on the volume of

PPT-BE states):

Corollary 2 |(P − S)| ≥ |NPPTBE | ≥ max{|B(Ωx; y0(x))| : 1 − λd2

n < x ≤ 1}, where y0(x) is given in eqn. (31) and

NPPTBE is given in eqn. (19).

Remark 3 As a speial ase of Theorem 2, for every x ∈
]

1 − λd2

n , 1
]

, the PPT-BE state Ωx = xΩ + (1− x)(I/d2) is

maximally robust. In fat, in this senario, the orresponding separable state σΩ is taken as any onvex ombination

of all the produt states |χ〉 suh that 〈χ|PS |χ〉 = λ.

Remark 4 As a speial ase of Theorem 1, the BE-UPB state Ω is robust with respet to S. Sine every BE-UPB

state is an edge state, this is simply onverse of the fat [13℄ that every PPT-BE state an be expressed as a mixture

of a separable state with an edge PPT BE state.

Theorem 4 For every BE-UPB state, there is an adjaent PPT-BE ball of �nite radius, obtained by mixing the

BE-UPB state with all possible separable states.

Proof: We fous our attention on the lass of states obtained by mixing an UPB-BE state Ω with any separable state

σ,

σz,Ω = zσ + (1 − z)Ω. (34)

The state in eqn. (34) is PPT by onstrution, and is inseparable in the domain z ∈ [0, λ[ beause

λΩp (WΩ) /
(

Tr

(

W+
Ω

)

+ λΩp (WΩ)
)

= λ �.

Remark 6 Robustness of the BE-UPB state Ω, that appears in Theorem 6, an also be extended with respet to the

set SΩ of all elements σ of P , where, Tr (WΩσ) ≥ 0. Therefore, the state zσ + (1 − z)Ω is a PPT-BE state for all

z ∈
[

0, λΩ

λΩ+z1

[

where z1 = inf {Tr (WΩσ) : σ ∈ SΩ}. Orús and Tarrah [22℄ have reently shown that for su�iently

small perturbation of any BE-UPB state Ω in d1 ⊗ d2 by a density matrix σ, σTB > 0 on the subspae spanned by

the kernel of ΩTB
, the resulting state is PPT.

Remark 7 Numerial methods have already been implemented to obtain entanglement witnesses for other lasses of

PPT entangled states [24, 25, 26℄. It is quite possible those witnesses, and the pertinent lass of bound entangled

states may be used to obtain lower bounds on the volume of the PPT entangled lass, and a omparsion with our

result would be worth studying. However this is beyond the sope of this work and will be taken up in future.

V. MULTIPARTITE GENERALIZATION

It is easy to generalize the above results to the ase of multi-partite entangled states that are PPT aross every

bipartition [23℄. One may onsider the set Pn orresponding to all states ρ of an n-partite system in the Hilbert spae
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d1 ⊗ d2 ⊗ . . . ⊗ dn, where ρ is PPT aross every bipartition. Let Sn be the subset of Pn where eah element of Sn

is fully separable. Thus every ρ ∈ (Pn − Sn) has genuine m-partite entanglement, where 2 ≤ m ≤ n. The set Sn is

onvex and ompat (with respet to some suitable metri). Applying Hahn-Banah theorem, for eah ρ ∈ (Pn − Sn),
one an obtain a Hermitian operator Wρ (ating on d1 ⊗ d2 ⊗ . . .⊗ dn) suh that

(i) Tr (Wρσ) ≥ 0 for all σ ∈ Sn,

(ii) Tr (Wρρ) < 0,

(iii) Tr (Wρ) = 1, and

(iv) there exists at least one element σρ ∈ Sn where Tr (Wρσρ) = 0.

Thus a result analogous to Theorem 3 holds beause there exists a separable ball B(I/(d1d2 . . . dn);λ) of �nite radius
λ > 0, entred around the maximally mixed state I/(d1d2 . . . dn)[27℄. The maximal robustness of ρ ∈ (Pn − Sn), in
the diretion of σρ ∈ Sn an then be proved in a straightforward manner. Similarly, robustness of ρ with respet

to Sn an also be proved analogous to Theorem 1. The results similar to Lemma 4, Theorem 5, Corollary 2, and

Theorem 6 also hold beause all ompletely produt pure states in Sn form a ompat set. In this ase the quantity

inf{〈φ|PS |φ〉 : |φ〉〈φ| ∈ Sn}, where PS is the projetor on the subspae spanned by the UPB S, is positive and is

attained for some pure state in Sn.
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